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Abstract 

The SYZ Conjecture explains Mirror Symmetry between Calabi-Yau 
3-folds M, M in terms of special Lagrangian fibrations f : M — > B and 
f : M —> B over the same base B, whose fibres are dual 3-tori, except for 
singular fibres. This paper studies the singularities of special Lagrangian 
fibrations. 

We construct many examples of special Lagrangian fibrations on open 
subsets of C 3 . The simplest are given explicitly, and the rest use analytic 
existence results for U(l)-invariant special Lagrangian 3-folds in C 3 . We 
then argue that some features of our examples should also hold for generic 
special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, and draw 
some conclusions on the SYZ Conjecture. 

1 Introduction 

In 1996, Strominger, Yau and Zaslow suggested a geometrical interpretation 
of Mirror Symmetry between Calabi-Yau 3-folds M, M in terms of dual fibra- 
tions by special Lagrangian 3-tori, now known as the SYZ Conjecture. Here is 
an attempt to state it. 

The SYZ Conjecture. Suppose M and M are mirror Calabi-Yau 3-folds. 
Then ( under some additional conditions ) there should exist a compact topological 
3-manifold B and surjective, continuous maps f : M — > B and f : M — » B, 
such that 

(i) There exists a dense open set Bq C B, such that for each b 6 Bq, the 
fibres f~ l (b) and are nonsingular special Lagrangian 3-tori T 3 in 
M and M. Furthermore, and are in some sense dual to 
one another. 

(ii) For each b G A = B \ Bq, the fibres and are expected to be 
singular special Lagrangian 3-folds in M and M. 



We call / and / special Lagrangian fibrations, and f (b), / _1 (&) for b G A 
the singular fibres. In this paper we consider the question: what is the nature 
of the 'singular fibres' of the fibration, and what do /, / look like near the 
singularities? 

The main rigorous results of the paper are the construction and study in 
3H1~!GI °f examples of special Lagrangian fibrations on open subsets of C 3 . The 
fibrations of 33 are completely explicit, but those in SjBJand [Qare constructed 
using analytic existence results from the author's series of papers |5J on 
special Lagrangian 3-folds in C 3 invariant under the U(l)-action 

e w : ( Zl ,z 2 ,z 3 ) .— > (e t9 Zl ,e-* e z 2} z 3 ) for e td G U(l). 

However, the heart of the paper is not the rigorous results but the discussion 
and conjecture in H5.ll H6.ll H7.4I and [JS] Here we argue, with justifications but 
not full proofs, that various features of our examples should also be true of 
special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, especially in the 
generic case. 

In particular, we claim that special Lagrangian fibrations / : M — ► B will in 
general not be smooth but only piecewise smooth, and that the discriminant A 
of / is of real codimension one in B and is typically made up of 'ribbons'. We 
use this to argue that the version of the SYZ Conjecture above is too strong, 
because the discriminants A, A of /, / are not homeomorphic, and so cannot 
coincide in B. 

The paper was originally motivated by the work of Gross 2] and Ruan 
|201 EH E2I The first version, the preprint math.DG/0011179 in November 
2000, consisted mainly of conjectures, and so was not suitable for publication. 
It was concerned to refute the widespread assumption in early papers on the 
SYZ Conjecture that special Lagrangian fibrations would be smooth. 

In this second version I have used the results of 1101 ITT] to prove many 
of the conjectures in the first version. I have also reduced the emphasis on 
smoothness of fibrations, as I feel the field has moved on from two years ago 
and there is no longer a need to argue the case. 

We begin in [JU and by introducing special Lagrangian geometry and 
special Lagrangian fibrations. Section 0] reviews the main results of [51 1101 ITT] 
on U(l)-invariant special Lagrangian 3-folds in C 3 . The new material is JS-JHI 
Section [S] defines two explicit special Lagrangian fibrations F, F' : C 3 — > R 3 
with singular fibres in codimension 1 in R 3 . 

Section El defines a more complicated special Lagrangian fibration F : V — > 
R 3 which models a certain kind of singular behaviour in codimension 2 in R 3 . 
Section [7] constructs a continuous 1-parameter family of special Lagrangian fi- 
brations F t : V — > R 3 for t G [0, 1], where F° is smooth, but F 1 is not smooth 
for t G (0,1]. Thus the F f model how to deform smooth special Lagrangian 
fibrations to non-smooth ones. 

In each of ^3 SQwe also discuss what features of our examples we expect to 
hold for special Lagrangian fibrations of (almost) Calabi-Yau 3-folds, and why. 
Finally, in JHI we explain the picture of smooth special Lagrangian fibrations 
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built up by Gross and Ruan, and by considering the changes as we deform 
from a smooth to a generic fibration, we draw some conclusions on the SYZ 
Conjecture. 

Acknowledgements. I would like to thank Mark Gross, Richard Thomas, Nigel 
Hitchin and David Morrison for helpful conversations. I was supported by an 
EPSRC Advanced Research Fellowship whilst writing this paper. 

2 Special Lagrangian geometry 

We now introduce the idea of special Lagrangian submanifolds (SL m-folds), in 
two different geometric contexts. First, in W2.l\ we define SL m-folds in C m . 
Then H2. 21 discusses SL m-folds in almost Calabi-Yau m-folds, compact Kahler 
manifolds equipped with a holomorphic volume form which generalize the idea 
of Calabi-Yau manifolds. Finally, section \2.'6\ considers the singularities of SL 
m-folds. The principal references for this section are Harvey and Lawson 7 
and the author |%1 117). 

2.1 Special Lagrangian submanifolds in C m 

We begin by defining calibrations and calibrated submanifolds, following Harvey 
and Lawson 0. 

Definition 2.1 Let (M,g) be a Riemannian manifold. An oriented tangent k- 
plane V on M is a vector subspace V of some tangent space T X M to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent fc-plane on 
M then g\y is a Euclidean metric on V, so combining g\y with the orientation 
on V gives a natural volume form voly on V, which is a fc-form on V . 

Now let ip be a closed fc-form on M. We say that <p is a calibration on M if 
for every oriented fc-plane V on M we have <p\y ^ voly. Here ip\y — a ■ voly 
for some a G M, and ip \y ^ voly if a 1. Let N be an oriented submanifold 
of M with dimension fc. Then each tangent space T X N for x £ N is an oriented 
tangent fc-plane. We say that TV is a calibrated submanifold if ^t^n — vo1t x jv 
for all x € N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds Th. II.4.2]. Here is the definition of special Lagrangian sub- 
manifolds in C m , taken from §111]. 

Definition 2.2 Let C m have complex coordinates (z\, . . . , z rn ), and define a 
metric g' , a real 2-form lu' and a complex m-form Q,' on C m by 

g' = \dzi\ 2 -\ h \dz m \ 2 , id' = Tj(dzi A dzi H \-dz m Adz m ), 

and f2 = dzi A • • • A dz m . 

Then Kcfl' and ImO' are real m-forms on C m . Let L be an oriented real 
submanifold of C m of real dimension m. We say that L is a special Lagrangian 
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submanifold of C m , or SL m-fold for short, if L is calibrated with respect to 
Refi', in the sense of Definition 12. II 

Harvey and Lawson [7| Cor. III. 1.11] give the following alternative charac- 
terization of special Lagrangian submanifolds: 

Proposition 2.3 Let L be a real m- dimensional submanifold of C m . Then L 
admits an orientation making it into an SL submanifold of C m if and only if 
uj'\ l = and lmCt'\ L = 0. 

An m-dimensional submanifold L in C m is called Lagrangian if uj'\l = 0. 
Thus special Lagrangian submanifolds are Lagrangian submanifolds satisfying 
the extra condition that Imfi'l^ = 0, which is how they get their name. 

2.2 Almost Calabi— Yau m- folds and SL m-folds 

We shall define special Lagrangian submanifolds not just in Calabi- Yau mani- 
folds, as usual, but in the much larger class of almost Calabi-Yau manifolds. 

Definition 2.4 Let m ^ 2. An almost Calabi-Yau m-fold, or ACY m-fold for 
short, is a quadruple (M, J, to, f2) such that (M, J) is a compact m-dimensional 
complex manifold, to is the Kahler form of a Kahler metric g on M, and fi is a 
non-vanishing holomorphic (m, 0)-form on M. 

We call (M, J, w, f2) a Calabi-Yau m-fold, or CY m-fold for short, if in 
addition lo and ft satisfy 

Lu m /m\ = (-l) m( - m ~ 1 ^ 2 {i/2) m n A fl. (2) 

Then for each x € M there exists an isomorphism T X M = C m that identifies 
g x ,uj x and £l x with the flat versions g',ui',fl' on C™ 1 in JJJ. Furthermore, g is 
Ricci-flat and its holonomy group is a subgroup of SU(to). 

This is not the usual definition of a Calabi-Yau manifold, but is essentially 
equivalent to it. 

Definition 2.5 Let (M, J, to, f2) be an almost Calabi-Yau m-fold, and N a real 
m-dimensional submanifold of M. We call N a special Lagrangian submanifold, 
or SL m-fold for short, if lo\n = ImO|jv = 0. It easily follows that Ref^Ar is a 
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in 
which Ref2|jv is positive. 

Again, this is not the usual definition of special Lagrangian submanifold, but 
is essentially equivalent to it. When (M, J, cj,0) is a Calabi-Yau m-fold, N is 
special Lagrangian if and only if it is calibrated w.r.t. Refi. More generally 
§9.5], SL m-folds in an ACY m-fold are calibrated w.r.t. Re fi, but for a suitably 
conformally rescaled metric g. 

Thus, we could define SL m-folds in ACY m-folds using calibrated geometry, 
as in Definition 12. 21 But in the author's view the definition of SL m-folds using 



4 



the vanishing of closed forms is more fundamental than that using calibrated 
geometry, and so should be taken as the primary definition. 

The deformation theory of special Lagrangian submanifolds was studied by 
McLean [181 §3], who proved the following result in the Calabi-Yau case. The 
extension to the ACY case is described in [SJ §9.5]. 

Theorem 2.6 Let (AT, J, w, CI) be an almost Calabi-Yau m-jold, and N a com- 
pact SL m-fold in M . Then the moduli space M. N of special Lagrangian defor- 
mations of N is a smooth manifold of dimension 6 1 (7V), the first Betti number 
of N. 

Using similar methods one can prove |51 §9.3, §9.5]: 

Theorem 2.7 Let {(Af, J t , ui t , Cl t ) ■ t G (— e,e)} be a smooth 1-parameter 
family of almost Calabi-Yau m- folds. Suppose Nq is a compact SL m-fold in 
(M,J ,ujQ,n ), with [tOt\N ] = mH 2 (N ,R) and [lmCl t \ No ] = inH m (N ,R) 
for all t G (— e, e). Then No extends to a smooth 1-parameter family {A t : t G 
(—<5, 5)}, where < S ^ e and N t is a compact SL m-fold in (Af, J t , uj t , Cl t ). 

2.3 Singularities of SL m- folds 

We now summarize some results on singularities of SL m-folds, taken from the 
survey ^7] of a series of papers ^3 ESj by the author. We start with a 

definition on SL cones in C m , adapted from |171 §3.1]. 

Definition 2.8 A (singular) SL m-fold C in C m is called a cone if C = tC for 
all t > 0, where tC — {ix : x G C}. Let C be a closed SL cone in C m for 
m > 2 with an isolated singularity at 0. Then E = Cfl g2m-i j s a compact^ 
nonsingular {m— l)-submanifold of not necessarily connected. Let g s be 

the restriction of g' to E, where 5' is as in Q. 
Let A s be the Laplacian on (E,<? E ). Define 

P E = {«el: a(a + m — 2) is an eigenvalue of A E }. (3) 

Then Z? s is a countable, discrete subset of R. Let iV(E) be the number of eigen- 
values of A s in (0,2m], counted with multiplicity. Let G be the Lie subgroup 
of SU(m) preserving C . Define the stability index s-ind(C) to be 

s-ind(C) = iV(E) - m 2 - 2m + 1 + dim G. (4) 

Then s-ind(C) ^ 0. We call C stable if s-ind(C) = 0. 

In [171 Def. 3.7] we define conical singularities of SL m-folds. 

Definition 2.9 Let (M, J, u>, f2) be an almost Calabi-Yau m-fold for m > 2. 
Suppose A is a compact singular SL m-fold in M with singularities at distinct 
points xi, . . . , x n G A, and no other singularities. Fix isomorphisms i>i : C m — > 
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T Xi M for i — 1, . . . , n such that v*(uj) = u>' and v*(VL) = Cjf2', where u>' ', 57' are 
as in (JIJ and Cj > 0. 

Let Ci, ...,C n be SL cones in C™ 1 with isolated singularities at 0. For 
i = 1, . . . ,n let Ei = Q n S 2m "\ and let ^ G (2, 3) with (2, ^] n X> Ei = 0, 
where 2? E is dehned in J^J • Then we say that X has a conical singularity at a;* , 
with rate Hi and cone Ci for i = 1, . . . . n, if the following holds. 

By Darboux' Theorem there exist embeddings Tj : Br — ► M for i = 1, . . . , n 
satisfying Ti(0) = a^, dT^jo = Vi and T*(w) = lu', where Br is the open ball of 
radius R about in C m for some small R > 0. Define li : Sj X (0, i?) — > by 
ii(cr, r) = rer for i — 1, . . . , n. 

Define X' = X\{xi, . . . , x n }. Then there should exist a compact subset K C 
X' such that X' \ -R' is a union of open sets S\,...,S n with Si C Tj (Br) , whose 
closures Si, . . . , S„ are disjoint in X. For i = 1, . . . ,n and some R' £ (0, R] there 
should exist a smooth ^ : Ej X (0, i?') — » -Br such that TiO^i : Ei x (0, i?') — » M 
is a diffeomorphism Ei x (0, i?') — > Si, and 

|V fe (^ - n)\ = 0(r"'- 1 - k ) as r -> for fc = 0, 1. (5) 

Here V is the Levi-Civita connection of the cone metric on Ei x (0, R'), 

| . | is computed using i*(g')- If the cones C\, . . . ,C n are stable in the sense of 
Definition 12. 81 then we say that X has stable conical singularities. 

In |14j we study moduli spaces of SL m-folds with conical singularities. The 
case when d are stable is particularly simple, |14l Cor. 6.11]: 

Theorem 2.10 Suppose (M, J, w,fi) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with stable conical singularities x\, . . . , x n . Let A4 X be 
the moduli space of deformations of X as an SL m-fold with conical singularities 
in M. Set X' = X \ {xi, . . . ,x n }, and let T x > be the image of H^ S (X' ,WL) in 
H 1 (X' ,R). Then A4 X is a smooth manifold of dimension dimX Y /. 

Here H^ S (X' ,R), H k (X', M) are the compactly-supported and usual de Rham 
cohomology groups of X' . Note the similarity with Theorem 12.61 In |141 
Cor. 7.10], Theorem I2.1UI is extended to moduli spaces in families of almost 
Calabi-Yau m-folds (M, J s , ui s , il s ). It implies that SL m-folds X with stable 
conical singularities persist under small deformations of (M, J, u>, fi) satisfying 
some necessary cohomological conditions. 

In [151 116) we study desingularizations of SL m-folds with conical singular- 
ities. Here is the basic idea. Let M, X and Xi,Ci for i = l,...,n be as in 
Definition 12.91 Let Li be an Asymptotically Conical SL m-fold in C m , asymp- 
totic to Ci at infinity. Then tLi = {tx : x G Li} is also asymptotic to Ci for 
all t > 0. 

We explicitly construct a 1-parameter family of compact, nonsingular La- 
grangian m-folds N in (M, u>) for t £ (0, 5) by gluing tLi into X at x%, using a 
partition of unity. Then we prove using analysis that for small t € (0, S) we can 
deform N l to a special Lagrangian m-fold N l in M, so that N* — > X as t — > 
in the sense of currents. 
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The results are complicated, so we will not reproduce them. Interested 
readers are advised to consult ^| §7]. From them we deduce results on desin- 
gularizing SL 3-folds with T 2 -cone singularities in ^| §10], which will provide 
partial proofs of Conjectures 15.51 and 16.71 

3 Introduction to special Lagrangian fibrations 

We begin by defining special Lagrangian fibrations, following Def. 1.4]. 

Definition 3.1 Let (M, J, uj,SY) be an almost Calabi-Yau m-fold, and B a 
Hausdorff topological space. We call / : M — > B a special Lagrangian fibra- 
tion if / is a continuous, surjective map, and for all b £ B, f~ l (b) is the support 
of a special Lagrangian integral current T in M with dT = 0. 

Here integral currents are meant in the sense of Geometric Measure Theory. 
They are a measure-theoretic generalization of submanifold, including singular 
submanifolds. Harvey and Lawson §1] frame their discussion of calibrated 
geometry in terms of currents, and define calibrated integral currents as well 
as calibrated submanifolds. For an introduction to Geometric Measure Theory, 
see Morgan [T§| . 

We shall not use much Geometric Measure Theory in this paper. The point 
to note is that the fibres J" 1 (b) are compact SL m-folds in M without boundary, 
which may have singularities of a fairly general kind. 

Definition 3.2 Let (M, J, u>, Q) be an almost Calabi-Yau m-fold, and / : M — > 
B a special Lagrangian fibration. The fibres Nb of / are Nb = for b 6 B. 

We call a fibre Nb nonsingular if B has the structure of a smooth real m-manifold 
near b, and / : M — ► B is a smooth submersion along Nb- That is, for each 
x G Nb the map d x f : T X M — > TbB is surjective. Otherwise we call Nb a 
singular fibre. Define the discriminant of / to be A = {& G B : Nb is a singular 
fibre}. Roughly speaking, A is the set of singular fibres, and B \ A the set of 
nonsingular fibres. It is easy to show that B\ A is open in B, and so A is closed 
in B. 

Note that singular fibres Nb may actually sometimes be nonsingular subman- 
ifolds of M. For instance, one can write down an explicit SL fibration of T 6 /Z2 
including 1-parameter families of singular fibres T 3 /Z2, which are nonsingular 
as 3-submanifolds, but are 'double fibres' of the fibration. 

Using action angle coordinates, Duistermaat 1, Th. 1.1] proves: 

Proposition 3.3 Let (M, J, be an almost Calabi-Yau m-fold, and f : 

M — » B a special Lagrangian fibration. Then each connected component of a 
nonsingular fibre Nb is a nonsingular submanifold of M diffeomorphic to T m . 

The basic idea is that on a nonsingular fibre Nb one can define a natural 
action of T b *B = M™ 1 , which turns out to be transitive on connected components. 



7 



Now arbitrary SL fibrations / : M — > B arc difficult to study, as we have little 
control over their singular behaviour. So it is helpful to add extra simplifying 
assumptions. Two such assumptions we will consider in this paper are that / is 
smooth, and that / is generic. 

Definition 3.4 Let (M, J, oj, f2) be an almost Calabi-Yau m-fold, and / : M — > 
B a special Lagrangian fibration. We call / smooth if B is a smooth real m- 
manifold, and / a smooth map. 

Smoothness has strong consequences for the structure of the discriminant 
A. From Gross §1] we deduce: 

Proposition 3.5 Let M be an almost Calabi-Yau m-fold, and f : M — > B a 
smooth special Lagrangian fibration. Then the discriminant A has Hausdorff 
codimension at least two in B. 

His proof uses the fact that the fibres are both Lagrangian and minimal. 
The Lagrangian assumption is used to prove |3J Prop. 2.2] that if x € Nb and 
rank(dj;/) : T X M — > T^B is k, then Nb contains a /c-dimensional submanifold 
through x on which rank(d/) is k. But by a result of Almgren, the singularities 
of a minimal submanifold are of Hausdorff codimension at least two. Combining 
these two shows that rank(da;/) cannot be m — 1, so that if a; is a singular point 
of Nb then rank(d K /) ^ m — 2. 

Using these ideas, one can show that if / : M — > B is a smooth SL fi- 
bration of an almost Calabi-Yau 3-fold with discriminant A, then under good 
circumstances we expect the following properties: 

(i) A is a union Ao U Ai, where Ao is a finite set of points, and Ai a finite 
set of open intervals. Essentially, A is a graph in B. 

(ii) For each b € Ai, the singular set of Nb is a finite number of circles S 1 , 
and the singularities are locally modelled on L x R in C 2 x C, where L is 
a special Lagrangian 2-fold in C 2 with an isolated singularity at 0. 

That is, singular fibres occur in codimension two in the base, and the generic 
singular fibre has a one- dimensional singular set. Next we define generic SL 
fibrations. 

Definition 3.6 Let (M, J, u>, fl) be a Calabi-Yau or almost Calabi-Yau m-fold, 
and / : M — > B a special Lagrangian fibration of (M, J, w, fi). We shall say that 
some property of / is generic if for all Kahler forms w on M in the same Kahler 
class as oj and sufficiently close to ui, there exists close to / a special Lagrangian 
fibration / : M — > B of the almost Calabi-Yau m-fold (M, J, ui, fi) with the 
same property. Examples of properties of / that might or might not be generic 
are: existence, smoothness, every singular fibre has only finitely many singular 
points, and so on. 



8 



Here is the reasoning behind this definition. We intend to call a property 
of a special Lagrangian fibration generic if it holds for fibrations of all nearby 
almost Calabi-Yau m-folds (M, J, Q, Cl). Now if N is a nonsingular fibre of /, 
then Theorem 12 . 71 shows that the only obstructions to finding an SL to- fold in 
(M, J, Co, f2) near N are that [ui\ N ] = [Imfi|jv] = 0. 

To ensure this holds, we restrict attention to ACY m-folds (A/, J, ui, Cl) with 
[Q] = [lo] in H 2 (M,R) and [Imfi] = [Imfi] in H 3 (M,R). But one can show that 
if [Imfi] = [Imfi] and (M, J, fi), (M, J, fi) are close, then they are isomorphic. 
So we may as well fix J = J and f2 = f2, and just vary the Kahler form Co within 
the Kahler class of u. 



4 U(l)-invariant special Lagrangian 3-folds in C 3 

We now review the author's three papers studying special Lagrangian 

3-folds N in C 3 invariant under the U(l)-action 

e w :(z 1 ,z 2 ,z 3 )^(e l9 z 1 ,e- w z 2 ,z 3 ) for e i9 G U(l). (6) 

The three papers are briefly surveyed in The results most relevant to this 
paper are in §8], which constructs large families of U(l) -invariant special 
Lagrangian fibrations on open subsets of C 3 . These will be summarized in H4.5I 
after some introductory material needed to understand and explain them. 



4.1 Background material from analysis 

A closed, bounded, contractible subset S in l n will be called a domain if the 
interior S° of S is connected with S = S°, and the boundary dS = S \ S° is 
a compact embedded hypersurface in ]R". A domain S in R 2 is called strictly 
convex if S is convex and the curvature of dS is nonzero at every point. 

Let S be a domain in 1". Define C k (S) for k ^ to be the space of 
continuous functions / : S — > R with k continuous derivatives, and define the 
norm ||.|| c * on C k (S) by ||/|| c * = £j =0 sup s Then C k (S) is a Banach 

space. Write C°°(5) = f|^L C k (S)- For k > and a £ (0, 1), define the Holder 
space C k > a (S) to be the subset of / G C k (S) for which 



[d k f] a = sup 



d k f{x) - d k f(y) 



X7 t v es \x - yr 

is finite, and define the Holder norm on C k ' a (S) to be ||/||c fc ° = + [9 k f]a- 

Again, C k,a (S) is a Banach space. 

A second-order quasilinear operator Q : C 2 (S) — > C°(S) is an operator of 
the form 

n d 2 u 
(Qu)(x) = a lJ (x,u,du)-^—^—(x)+b(x,u,du), (7) 

i,j=l 1 3 
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where a l ° and b are continuous maps SxMx (R™)* — » R, and a %3 = a? 1 for all 
i,j = 1, . . . ,n. We call the functions a %] and b the coefficients of Q. We call Q 
elliptic if the symmetric n x n matrix (a 1 - 7 ) is positive dehnite at every point. 
A second-order quasilinear operator Q is in divergence form if it is written 



for functions a? € C 1 (S x R x (R™)*) for j = 1, . . . , n and 6 e C° (5xlx (R n )*) . 
If Q is in divergence form, we say that integrable functions u, f are a weafc 
solution of the equation Qtt = / if u is weakly differentiable with weak derivative 
du, and a J '(x, it, 9it), b(x, u, du) are integrable with 



for all ip G C^S 1 ) with ^| as = 0. 

If Q is a second-order quasilinear operator, we may interpret the equation 
Qu = / in three different senses: 



• We just say that Qu = f if U S C 2 ^), / e C°(5) and Qu = / in C ^) 



in the usual way. 

• We say that Qu = f holds with weak derivatives if u is twice weakly 
differentiable and Qu = f holds almost everywhere, defining Qu using 
weak derivatives. 

• We say that Qu — f holds weakly if Q is in divergence form and u is a 
weak solution of Qu — f. Note that this requires only that u be once 
weakly differentiable, and the second derivatives of u need not exist even 
weakly. 

Clearly the first sense implies the second, which implies the third. If Q 
is elliptic and a J ,6, / are suitably regular, one can usually show that a weak 
solution to Qu = f is a classical solution, so that the three senses are equivalent. 
But for singular equations that are not elliptic at every point, the three senses 
are distinct. 

4.2 Finding the equations 

Let N be a special Lagrangian 3-fold in C 3 invariant under the U(l)-action ©. 
Locally we can write N in the form 





— — • a? (x, u, du)dx + / ip ■ b(x, u, du)dx 





N = {(zi,z 2 ,z 3 ) 6 C 3 : zxz 2 = v(x,y) +iy, z 3 = x + iu(x,y), 
\ Zl \ 2 - \z 2 \ 2 = 2a, (x,y)eS}, 



(8) 



where S is a domain in R 2 , a € R and u, v : S — > R are continuous. 
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Here \zi\ 2 — |z2| 2 is the moment map of the U(l)-action ©, and so \zi\ 2 — 
\z2\ 2 is constant on any U(l)-invariant Lagrangian 3-fold in C 3 . We choose the 
constant to be 2a. Effectively © just means that we choose x = Re(z3) and 
y = lm(z\Z2) as local coordinates on the 2-manifold Nj U (1). Then we find 
Prop. 4.1]: 

Proposition 4.1 Let S,a,u,v and N be as above. Then 

(a) If a = 0, then N is a (possibly singular) special Lagrangian 3-fold in C 3 
if u, v are differentiate and satisfy 

du dv , dv , 2 2 \1/2<9m 

m-Bi and & = - 2 ^ + ^) v (9) 

except at points (x, 0) in S with v(x, 0) = 0, where u, v need not be differ- 
entiate. The singular points of N are those of the form (0,0, Zs), where 
Z3 = x + iu(x, 0) for (x, 0) £ S with v(x, 0) = 0. 

(b) If a ^ 0, then N is a nonsingular special Lagrangian 3-fold in C 3 if and 
only if u, v are differentiate in S and satisfy 

du dv , dv - o 2 2 n1/2<9u 

— = — and — = -2 v 2 +y 2 + a 2 — . 10 

ax ay dx dy 



The proof is elementary: at each point z £ TV we calculate the tangent space 
T z iV in terms of 9m, 9u, and use Proposition 12 . 31 to find the conditions for T Z N 
to be a special Lagrangian M. 3 in C 3 . If z = (0,0,23) then d(|^i| 2 — |z2| 2 ) = 
at z, so z is a singular point of N, and T Z N does not exist. 

Using (HOJ: to write ^(ff) and J^(ff) in terms of u and setting ^ = 
we easily prove [3 Prop. 8.1]: 

Proposition 4.2 Let S be a domain in M 2 and u, v £ C 2 (S') satisfy l|10|) /or 
a 7^ 0. Then 



d_ 

dx 



-1/2 aw 



d v 



(- 2 + y 2 + « 2 ) _1/Z £ + 2 ^=0- (ID 



ay 



Conversely, if v £ C 2 (S') satisfies (lll|) £/ien t/iere exists u £ C 2 (S), unigue up 
to addition of a constant u 1— > it + c, smc/i t/iat u, w satisfy <|10|) . 

Now (|ll|l is a second order quasilinear elliptic equation, in divergence form. 
Thus we can consider weafc solutions of Ijlll) when a = 0, which need be only once 
weakly differentiable. We shall be interested in solutions of © with singularities, 
and the corresponding SL 3-folds N. It will be helpful to define a class of singular 
solutions of 10. 

Definition 4.3 Let S be a domain in R 2 and u,v £ C°(S). We say that (u,v) 
is a singular solution of JHJ if 
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(i) u, v are weakly differentiable, and their weak derivatives §j!§j>fj>§^ 
satisfy ©■ 

(ii) v is a weak solution of (|11J) with a = 0, as in fl4. 21 

(iii) Define the singular points of u,w to be the (x, 0) 6 S with u(a;,0) = 0. 
Then except at singular points, u,v are C 2 in S and real analytic in S°, 
and satisfy © in the classical sense. 

(iv) For a £ (0, 1] there exist u ai v a £ C 2 (S f ) satisfying I|1U|) such that u a — > u 
and w a — > u in C°(S) as a — > 0+. 

This list of properties is somewhat arbitrary. The point is that ^3 §8— §9] 
gives powerful existence and uniqueness results for solutions u, v of © satisfying 
conditions (i)-(iv) and various boundary conditions on dS, and all of (i)-(iv) 
are useful in different contexts. 

4.3 Examples 

The following example is due to Harvey and Lawson §111. 3. A]. 

Example 4.4 The map / : C 3 — > K 3 defined by 

/ : (z u z 2l z 3 ) .— ( | 2l | 2 - \z 2 \ 2 , \ Zl \ 2 ~ \ Z3 \ 2 ,lm( Zl z 2 z 3 )) (12) 

is a smooth special Lagrangian fibration of C 3 . The fibres of / are invariant 
under a subgroup U(l) 2 in SU(3) acting by 

(e <9l ,e <9a ) : (z 1 ,z 2 ,z 3 ) > (e^Zi, e^z 2 , e- 4 ^ 1 ^)^), (13) 

and every U(l) 2 -invariant SL 3-fold in C 3 is locally made up of fibres of /. 
Calculation shows that the discriminant of /, in the sense of i|3J is 

A = {(a,a,0),(0,-a,0),(0,0,-a) : a ^ 0} c M 3 . (14) 

It is a trivalent graph, of codimension two in R 3 . 

We are interested in a family of particular fibres of / which decompose into 
two pieces. Let a £ R, and define 

N a = ((zi,z 2 ,z 3 ) £ C 3 : |zi| 2 - a = \z 2 \ 2 + a = \z 3 \ 2 + |a|, 

, 1 (15) 

lm( Zl z 2 z 3 ) = 0, Re(ziz 2 Z3) ^ Oj. 

Then ^V a is half of the fibre / _1 (2a, 2<x, 0) when a 0, and half of the fibre 
/ _1 (2a,0, 0) when a < 0, so N a is special Lagrangian. 

One can show that N a is a nonsingular SL 3-fold diffcomorphic to S 1 x R 2 
when o / 0, and iVo is an SL T 2 -cone with one singular point at (0, 0, 0). Note 
that even though N a is defined using an inequality Ke(ziz 2 z 3 ) 0, it has no 
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boundary. This is because the fibres f~ 1 (2a, 2a, 0) for a > 0, and / _1 (2a,0,0) 
for a < 0, are actually the union of two nonsingular SL 3-folds S 1 xl 2 , which 
intersect in a circle. The inequality is used to pick out one of these two SL 
3-folds. 

By 9, Th. 5.1], these SL 3-folds iV a can be written in the form ©. 
Theorem 4.5 Let a £ R. Then there exist unique u a , v a ■ R 2 — > K such that 
N = I (z 1 ,z 2 ,z 3 ) £ C 3 : Im(z 3 ) = u a (Re(z 3 ),Im(ziz 2 )), 

L 22 1 (16) 

Re(z 1 z 2 ) = u a (Re(z 3 ),Im(z 1 z 2 )), \zi\ 2 - \z 2 \ = 2a j 

is the special Lagrangian 3-fold N a of (115(1 . Furthermore: 

(a) u a ,v a are smooth on M 2 and satisfy (|1U|I . except at (0,0) when a = 0, 
where they are only continuous. 

(b) u a (x,y) < when y > /or aZZ x, and u a (x, 0) = /or aZ/ a;, and 
u a (x,y) > w/iera y < /or aZZ x. 

(c) v a (x,y) > w/ien a; > for all y, and v a (0,y) = for all y, and 
v a {x, y) < when x < /or aZZ y. 

(d) M a (0,y) = -y(\a\ + ^y 2 +a 2 )~ 1/2 for all y. 

(e) v a (x, 0) = x(x 2 + 2|a|)^ 2 for all x. 

(f) it_ a = u a and v- a = v a . 

In fact O §5] considers only the case a ^ 0, but the case a < and part (f) 
follow quickly by exchanging z\ and z 2 . Note that although the N a for a > 
and a < are both diffeomorphic to S 1 x ]R 2 , nonetheless there is a topological 
change as a goes from positive to negative, as the fibres undergo a surgery, a 
Dehn twist on S 1 . 

4.4 Generating u, v from a potential / 

In Prop. 7.1] we show that solutions it, v £ C 1 (5') of (|10|) come from a 
potential f £ C 2 (S) with ^ = u and ^ = v. 

Proposition 4.6 Lei S be a domain in M 2 and u,v £ C 1 (S) satisfy I|1U|) for 



a 



^ 0. Then there exists f £ C (S) with = u, = v and 

((ir+^r 2 s+>s-- 

This f is unique up to addition of a constant, f i— ► f + c. Conversely, all 
solutions of (|17|l yield solutions of (llOfl . 
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Equation l|17f) is a second-order quasilinear elliptic equation, singular when 
a = 0, which may be written in divergence form. The following condensation of 
Th. 7.6] and ^3 Th.s 9.20 & 9.21] proves existence and uniqueness for the 
Dirichlet problem for i|17|) . 

Theorem 4.7 Suppose S is a strictly convex domain in R 2 invariant under 
(x,y) i — * (x, -y), and k ^ 0, a £ (0, 1). Lei a G K and e C k+3 > a (dS). Then 
if a 7^ £/iere exists a unique f £ C k+3 ' a (S) with f\g$ = (f> satisfying (|17|l . // 
a = i/iere exists a unique f £ C 1 (S') wrai/i /|os — 0; which is twice weakly 
differ entiable and satisfies (|17f) with weak derivatives. 

Define u = and v = ||. If a ^ then u,v £ C k+2 ' a (S) satisfy (fTOf t . 
and if a = then u,V £ C (S) are a singular solution of (0, in t/ie sense of 
Definition ^. 3\ Furthermore, f depends continuously in C (S), and it, v depend 
continuously in C°(S), on (0, a) in C k+3 ' a (dS) x M. 

Combining Proposition ^. II and Theorem 14 . 71 gives existence and uniqueness 
for a large class of U(l)-invariant SL 3-folds in C 3 , with boundary conditions, 
including singular SL 3-folds. It is interesting that this existence and uniqueness 
is entirely unaffected by singularities appearing in S°. 

4.5 Special Lagrangian fibrations 

We can use Theorem 14.71 to construct large families of special Lagrangian fi- 
brations of open subsets of C 3 invariant under the U(l)-action (jBJ, including 
singular fibres. 

Definition 4.8 Let S be a strictly convex domain in M 2 invariant under (x, y) h- > 
(x, -y), let U be an open set in R 3 , and a £ (0, 1). Suppose $ : U — > C 3 '"^,!?) is 
a continuous map such that if (a, 6, c) ^ (a, 6',c') in U then $(a, 6, c) — $(a, 6', c') 
has exactly one local maximum and one local minimum in dS. 

Let a = (a,b,c) £ U, and let /„ £ C 3 ' a (S) be the unique (weak) solution 
of 1|17|) with / a |as = &(ot), which exists by Theorem 14.71 Define u a = ^ L 

and v a — ^g 2 -. Then (it a ,u a ) is a solution of 11U|) if a ^ 0, and a singular 
solution of © if a = 0. Also u a ,v a depend continuously on a £ U in C°(S), 
by Theorem 14. 71 

For each a = (a, b, c) in U, define N a in C 3 by 

N a = {(zi,z 2 ,z 3 ) £ C 3 :ziz 2 = v a (x, y) +iy, z 3 = x + iu a (x,y), 

\z 1 \ 2 -\z 2 \ 2 = 2a, (x,y)£S°}. 

Then N a is a noncompact SL 3-fold without boundary in C 3 , which is nonsin- 
gular if a ^ 0, by Proposition 14.11 

By ^] Th. 8.2] the N a are the fibres of a special Lagrangian fibration. 
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Theorem 4.9 In the situation of Definition if a ^ ex' in U then N a n 
N a i = 0. There exists an open set V C <C 3 and a continuous, surjective map 
F : V -> U such that F- l {a) = N a for all a G U. Thus, F is a special 
Lagrangian fibration of V C C 3 , which may include singular fibres. 

The main step in the proof is to show that distinct N a do not intersect, so 
that they fibre V = UaeEf N a . The tool we use to do this is the following result 
Th. 7.11], QI1 Th. 7.10]: 

Theorem 4.10 Suppose S is a strictly convex domain in R 2 invariant under 
(x,y) i-> (x,-y), and a el, k ^ 0, a £ (0,1), and fa, fa £ C k+3 ' a (dS). Let 
Uj,Vj £ C°(S) be the (singular) solution of (([J) or (I10|l constructed in Theorem 
\T^\ from fa, for j = 1,2. 

Suppose fa— fa has I local maxima and I local minima on dS . Then (u\, Vi)— 
(u2,V2) has finitely many zeroes in S° , all isolated. Let there be n zeroes in S° 
with multiplicities k%, . . . , k n . Then X)"=i ^ / — 1. 

Here isolated zeroes of (u\,v\) — (1x2,^2) have a multiplicity, defined in [111 
Def. 7.1], which is a positive integer by §6.1] and |lll Cor. 7.6]. The result 
provides an upper bound for the number of zeroes of [ux,V2) — (w 2 ,v 2 ) in S°, 
counted with multiplicity, in terms of the boundary data fa, fa. 

Suppose a = (a, b, c) and a' = (a' , 6', c') are distinct elements of U. If 
a 7^ a' then N a n N a > — 0, since |zi| 2 — |z2| 2 is 2a on N a and 2a' on N a >. 
If a = a' then $(«) — $(a') has one local maximum and one local minimum 
in dS, by Definition 14.81 So Theorem 14.101 applies with I = 1 to show that 
(u a ,v a ) — (v,v) has no zeroes in S°, and again N a D N a r = 0. Thus 
distinct N a do not intersect. 

For reasons explained in |lll §8], we chose to define N a in (|18fl over 5° 
rather than S, and so end up with a noncompact SL 3-fold without boundary 
rather than a compact SL 3-fold with boundary. The results can be extended to 
compact SL 3-folds N a with boundary, but it makes the statements rather more 
complicated, and introduces new technical problems when N a has singularities 
on its boundary. 

There is a simple way ^| Ex. 8.3] to produce families $ satisfying Definition 
14.81 and thus generate many SL fibrations of open subsets of C 3 . 

Example 4.11 Let S be a strictly convex domain in K 2 invariant under {x, y) 1— > 
0, -y), let a e (0, 1) and G C 3 a {dS). Define U = M 3 and $ : R 3 -> C 3 a \dS) 
by $(a, b, c) = <j> + bx + cy. If (a, 6, c) ^ (a, 6', c') then $(a, 6, c) - $(a, 6', c') = 
(6 — b')x + (c — c')y G C°° (9S 1 ) . As b — 6', c — c' are not both zero and S is strictly 
convex, it easily follows that (6 — b')x + (c — c')y has one local maximum and 
one local minimum in dS. 

Hence the conditions of Definition 14 . 81 hold for S, U and $, and so Theorem 
14. 91 defines an open set FcC 3 and a special Lagrangian fibration F : V — > C 3 . 
One can also show that changing the parameter c in U = R 3 just translates the 
fibres N a in C 3 , and V = {(zi,z 2 ,z 3 ) G C 3 : (Rez 3 ,Imziz 2 ) G S 10 }. 
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4.6 A rough classification of singular points 

In [111 §9] we study singular points of a singular solution m,« of 0. 

Definition 4.12 Let S be a domain in R 2 , and it, v € C°(S) a singular solution 
of (PI , as in Definition 14.31 Suppose for simplicity that S is invariant under 
(x,y) i— > (x,—y). Define u', u' G C (S) by u'(x,y) — u{x,—y) and v'(x,y) — 
—v(x, —y). Then it', u' is also a singular solution of ©. 

A singular point, or singularity, of (it, u) is a point (6, 0) £ S with v(6, 0) = 0. 
Observe that a singularity of (u,v) is automatically a zero of (it, u) — (u',v'). 
Conversely, a zero of (it, v) — (it', v') on the n-axis is a singularity. A singularity 
of (it, v) is called isolated if it is an isolated zero of (it, v) — (it', v'). 

Define the multiplicity of an isolated singularity (6, 0) of (it, v) in S° to be the 
winding number of (it, v) — (u',v') about along the positively oriented circle 
7e(&, 0) of radius e about (6, 0), where e > is chosen small enough that 7 e (6, 0) 
lies in 5° and (6,0) is the only zero of (u,v) — (u',v') inside or on 7 e (6, 0). By 
Cor. 7.6], this multiplicity is a positive integer. 

Under mild conditions the singularities in S° are isolated, [nj Th. 9.2]: 

Theorem 4.13 Let S be a domain in R 2 invariant under (x, y) i— > (x, —y), and 
it, v £ C°(S) a singular solution of |J3J. // u(x,—y) = u{x,y) and v(x,—y) = 
—v(x, y) then (u, v) is singular along the x-axis in S , and the singularities are 
nonisolated. Otherwise there are at most countably many singularities of (it, v) 
in S° , all isolated. 

We divide isolated singularities (6, 0) into four types, depending on the be- 
haviour of v(x,0) near (6,0). 

Definition 4.14 Let S be a domain in IR 2 , and u, v S C°(S) a singular solution 
of 0, as in Definition 14.31 Suppose (6,0) is an isolated singular point of (u,v) 
in S°. Then there exists e > such that for < \x — 6| < e we have (x, 0) G S° 
and v(x, 0) ^ 0. So by continuity v is either positive or negative on each of 
(6 - e, b) X {0} and (6, 6 + e) x {0}. 

(i) if v(x) < for x G (6 — e, 6) and i>(x) > for a; G (6, 6 + e) we say the 
singularity (6, 0) is of increasing type. 

(ii) if v(x) > for x G (6 — e, 6) and i>(x) < for x G (6, 6 + e) we say the 
singularity (6, 0) is of decreasing type. 

(hi) if v(x) < for x G (6 — e, 6) and v(x) < for x G (6, 6 + e) we say the 
singularity (6, 0) is of maximum type. 

(iv) if v(x) > for x € (6 — e, 6) and i>(x) > for x G (6, 6 + e) we say the 
singularity (6, 0) is of minimum type. 

The type determines if the multiplicity is even or odd, [111 Prop. 9.4]. 
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Proposition 4.15 Let u, v E C°(S) be a singular solution of @ on a domain 
S in R 2 , and (6,0) be an isolated singularity of (u,v) in S° with multiplicity 
k. If (6,0) is of increasing or decreasing type then k is odd, and if (6,0) is of 
maximum or minimum type then k is even. 

Theorem 14 . 1 01 gives a criterion for finitely many singularities, ^] Th. 9.7]: 

Theorem 4.16 Suppose S is a strictly convex domain in R 2 invariant under 
(x,y) i — * (x,—y), and 4> E C k+3 ' a (dS) fork^sO and a E (0,1). Let u,v be the 
singular solution of ^ in C (S) constructed from (f) in Theorem \4-'l\ 

Define <f>' E C k+3 ' a (dS) by <p'(x,y) — —<p(x,—y). Suppose (/> — (/>' has I 
local maxima and I local minima on dS. Then (u, v) has finitely many singu- 
larities in S° . Let there be n singularities in S° with multiplicities k\ , . . . , k n . 
Then Y^=i h ^l — l. 

By applying Theorem 14. 71 with S the unit disc in R 2 and <f> a linear combina- 
tion of functions sin(j0), cos(j'0) on the unit circle OS, we show ^2 Cor. 10.10]: 

Theorem 4.17 There exist examples of singular solutions o/ || with iso- 
lated singularities of every possible multiplicity n 1, and with both possible 
types allowed by Proposition \4 . 1 5\ 

Combining this with Proposition ^. ll eives examples of SL 3-folds in C 3 with 
singularities of an infinite number of different geometrical/topological types. We 
also show in ^2 §10.4] that singular points with multiplicity n ^ 1 occur in real 
codimension n in the family of all SL 3-folds invariant under the U(l)-action 
ijHl, in a well-defined sense. 

5 Two model special Lagrangian fibrations 

We shall now define two piecewise smooth special Lagrangian fibrations F, F' : 
C 3 — > R 3 with singular fibres of codimension one in R 3 . These will be our local 
models for the most generic kind of singularity in special Lagrangian fibrations 
of generic Calabi-Yau 3-folds. Here is the first. 

Theorem 5.1 For each a E R and c E C, define N a>c in C 3 by 



Then N a , c is a nonsingular SL 3-fold diffeomorphic to S l x R 2 if a ^ 0, and 



a,c — 




(19) 
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iVo )C is an SL T 2 -cone singular at (0, 0, c). Define F : C 3 — * R x C by 

F(zi,Z2,Za) = (a,b), where 2a = \zi\ 2 - \z 2 \ 2 (20) 

!z 3 , a = z\ = z 2 = 0, 

z 3 — ziz 2 /|zi|, a ^ 0, zi ^ 0, (21) 
z%-Z\Zzl\zi\, a < 0. 

T/ien _F _1 (a, c) = iV a)C /or o/( a, c £ K x C. and F is a continuous, piecewise- 
smooth SL fibration of C 3 , which is not smooth on \zi\ = |z 2 |. 

Proof. Comparing i|15|) and (|19|l shows that N a ^ c is the translation by (0,0, c) 
of the SL 3-fold N a of M4.3I Hence N a>c is a nonsingular special Lagrangian 
5 1 x R 2 if a 7^ 0, and an SL T 2 -cone singular at (0, 0, c) if a = 0. It is also easy 
to see that F is well-defined, continuous, piecewise smooth, and not smooth 
on \zi\ = \z 2 \. 

One can show from lfT^|l that if {z\,Z2, 23) € N a , c then 2a = \zi\ 2 — \z 2 \ 2 and 



z\z 2 (z z - c) 



MM 2 , a^0, 
M 2 M, a < 0. 



Thus, if Z1Z2 7^ dividing by z\z 2 and rearranging yields 

_ J 23 - MMVO 2 ^), a ^ 0, 
[z 3 - |zi| 2 |z 2 |/(ziz 2 ), a<0. 

Using the equations |zi| 2 = zizi and |z 2 | 2 = z 2 z 2 to rewrite these expressions 
gives the second case of 1)210 when z 2 7^ and the third when z\ 7^ 0. 

If Z\Z2 = 0, equation 1)19(1 implies that \z$ — c| 2 = 0, so c = Z3, giving the 
first case of 1)2 ljl. the second when z 2 = and the third when Z\ = 0. So, 
if (zi,z 2 ,z 3 ) € iV QjC then we can recover a, c from (zi,z 2 ,z 3 ) as in H20f> -H21 [) . 
Conversely, for any (zi,z 2 ,z 3 ) in C 3 , defining a, c by l)20)) ~ ()21)l and reversing 
the proof above, we find that (zi,z 2 ,z 3 ) G -/V QiC . Hence i* 1 (a, c) = iV a)C , and 
F is a special Lagrangian fibration of C 3 . □ 

Using Theorem 14. 51 we write the fibres N a , c of F in the form (JSJ. 

Proposition 5.2 T/ie 5X 3-folds N ajC of Theorem \5.1\ may be written 

N a .c = \ (zi,z 2 ,z 3 ) G C 3 : Im(z 3 ) = it a , c (Re(z 3 ), lm(z 1 z 2 )) , 

1 (22) 
Re(ziz 2 ) = w a , c (Re(z 3 ),Im(ziz 2 )), \z x \ 2 - |z 2 | 2 = 2a|, 

for u a .c, Va.c ■ K 2 — > R defined using the functions u a , v a of Theorem \4-5\ by 
u a ,c(%,y) — u a (x - Rec, y) + Imc and w a , c (x, y) = w Q (x - Re c, y). (23) 
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By applying the involution (zi, z%, 23) 1— * (—21, z 2 , z 3 ) to C 3 we transform F 
to a second SL fibration F' . The previous two results quickly yield: 

Theorem 5.3 For each set and c E C, define N' a c in C 3 &y 

A£ c = \(z 1: z 2 ,z 3 ) GC 3 : | Zl | 2 -a= |z 2 | 2 + a = |z 3 - c| 2 + |o|, 

' , 1 (24) 

Im(ziz 2 (z3 - c)) = 0, Re(ziz 2 (z 3 - c)) j. 

TTien iV^ c is a nonsingular SL 3-fold diffeomorphic to S 1 x R 2 if a ^ 0, and 
iVg c is an 5X T 2 -cone singular at (0, 0, c). Define F' : C 3 — * K x C 61/ 

F'(zi, z 2 , 23) = (a, 6), w/iere 2a = |zi| 2 - |z 2 | 2 (25) 

{z 3 , a = z\ = z 2 = 0, 

z 3 + ziz 2 /|zi|, a ^ 0, zi ^ 0, (26) 
z 3 + z 1 z 2 /\z 2 \, a < 0. 

XTien (-F') _1 (a, c) = N' a c for all a, c G Rx C, and -F' is a continuous, piecewise- 
smooth SL fibration of C 3 , which is not smooth on \z\\ — \z 2 \. 

Proposition 5.4 The SL 3-folds N' a c of Theorem \5. l J\ may be written 

N 'ac = \ (zi,z 2 ,z 3 ) E C 3 : Im(z 3 ) = u' a c (Re(z 3 ), Im(ziz 2 )) , 

1 ' , (27) 

Re(ziz 2 ) = t/ c (Re(z 3 ),Im(ziz 2 )), |zi| 2 - |z 2 | 2 = 2a|, 

for u' a c , v' a c : R 2 — > M defined using the functions u a , v a of Theorem \4-5\ by 
u' ac (x,y) = —u a (x - Rec, y) + Imc and v' a c (x,y) = —v a (x - Rec,y). (28) 



5.1 Discussion 

Theorems 15.11 and 15.31 define SL fibrations F, F' of C 3 in which every fibre is 
invariant under the U(l)-action JfjJ) and is written in the form |JSJ. The singular 
fibres of the fibration are iVo,c for c £ C, which is singular only at (0, 0, c). Thus 
the set of singular points of singular fibres of the fibration is {(0, 0, c) : c 6 C}, 
the complex z 3 -axis. 

However, F is not smooth on the whole real hypersurface \z±\ = |z 2 |, which 
includes the set of singular points but many other points as well. Thus F fails to 
be smooth not only at singular points of singular fibres, but also at nonsingular 
points of singular fibres. We should understand the non-smoothness of F as 
being related not to a singularity at the point in question, but to a change in 
the global topology of the whole fibre. 
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In Theorems 15.11 and 15 . 31 the base space B is K x C, and the discriminant A 
of Definition 13.21 is {0} x C. Thus, A is of real codimension one in B. Now by 
Proposition 13.51 for smooth SL fibrations A has Hausdorff codimension two in 

B. Therefore the piecewise-smooth SL fibrations of Theorems 15.11 and 15.31 have 
very different behaviour to smooth SL fibrations. 

We can discuss the singular fibres of F, F' from the point of view of H4.6I 
Observe that (uq, vq) of Theorem l4.5l is a singular solution of © in the sense of 
Definition 14.31 with an isolated singularity at (0,0). Using parts (b) and (c) of 
Theorem 14.51 it is easy to show that this singularity is of multiplicity one and 
increasing type, in the sense of i)4.6l 

Now Propositions 15.21 and 15.41 define the singular solutions (uo, c , ^ o,c) and 
(u' c , v' c ) for c G C in terms of (uo,vq). It easily follows that (uo, C )Wo, c ) bas 
an isolated singularity at (Re c, 0) of multiplicity one and increasing type, and 
{u' 0c ,v' Qc ) has an isolated singularity at (Rec, 0) of multiplicity one and de- 
creasing type. So, the singularities of the fibration F have multiplicity one and 
increasing type, and those of F' have multiplicity one and decreasing type, in 
the sense of H4.6I 

We can also discuss the fibrations using the framework of H2.3I The singular 
fibres of F and F' are special Lagrangian T 2 -cones modelled on 

C = {{z 1 ,z 2 ,z 3 ) : \z 1 \ = \z 2 \ = \z 3 \, im(ziz 2 Z3) = 0, Re(z 1 z 2 z 3 )^0} . (29) 

By 17, Ex. 3.5], C is stable in the sense of Definition ;|J..8;. Hence. SL 3-folds with 
conical singularities with cone C have a very well-behaved deformation theory, 
by Theorem 12. 101 We make our first conjecture. 

Conjecture 5.5 The SL fibrations F,F' of Theorem,.? \5.1\ WJA are generic local 
models for codimension one singularities of SL fibrations f : M — > B of almost 
Calabi-Yau 3-folds, using 'generic' as in Definition VJAA 

Here I am being deliberately vague on what I mean by a local model for an 
SL fibration. Roughly speaking, I want / to have the same topological structure 
as F or F' locally, for the fibres of / to approximate those of F or F' near the 
singular points, and for the singular fibres to have conical singularities with cone 

C, in the sense of Definition 12.91 

We can use the results of |Ej to give a partial proof of Conjecture 15.51 Let 
(M, J,oj,fi) be an almost Calabi-Yau 3-fold, and / : M — > B an SL fibration 
with generic fibre T 3 , which is locally modelled on F or F' near some singular 
point x € M. Let b = f(x) and X = / _1 (6) be the fibre through x. Then X is 
locally modelled on C near x. 

Suppose that b is generic in the discriminant of F or F', and that X has 
only finitely many singularities x = x\, . . . ,x n , each modelled on C. Then |171 
Th. 4.5] shows that X has conical singularities at x±, . . . , x n with cone C, in the 
sense of Definition ^. 91 The moduli space M. x of Theorem l2.10l locallv coincides 
with the discriminant of F or F' . Hence it is smooth with dim A4 X = dimZ X ' = 
2. 
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Now let a) be a Kahler form on M close to uj and in the same Kahler class, as 
in Dcfinition l3.6l As C is stable, |14l Cor. 7.10] shows that for <D sufficiently close 
to uj there exists a deformation X of X, which is an SL m-fold in (M, J, Co, fl) 
with conical singularities x\,...,x n and cone C, and lies in a smooth moduli 
space Mx with dimMx = 2. 

We can then use the desingularization results of ^JEji following EZI §10], 
to show that X must admit two families of desingularizations, which are 
SL T 3 's in (M, J,Q,Q), corresponding to the regions a > 0, a < in F or F'. 
We expect that j\4 x , J 7 ^ and J-^ will locally form the fibres of an SL fibration 
f : M — ► B of (M, J, iD, f2) close to / and modelled on F or F' near x, for £> 
sufficiently close to to. 

Finally we discuss holomorphic discs with boundary in the fibres of F, F' . 

Lemma 5.6 Let a > and c S C. TTiera {(zi,0,c) : zi £ C, |zi| 2 ^ 2a] is a 
holomorphic disc in C 3 with boundary in both N a>c and N' a c , of area 2ira. 

Similarly, let a < and c£C. Then {(0, 22, c) : 2:2 S C, |z 2 | 2 s$ -2a} is a 
holomorphic disc in C 3 with boundary in both N a , c and N' a c , of area —2ira. 

The proof is trivial. Now if D is a holomorphic disc in an almost Calabi-Yau 
3-fold (A/, J, uj, f2) with boundary in an SL 3-fold L in M, then the area of D is 
j D uj = [uj] ■ [D], where [uj] € H 2 (M, L;K) is the relative de Rham cohomology 
class of uj, and [D] € H2(M, L; Z) is the relative homology class of D. Thus the 
area of a holomorphic disc is essentially a topological invariant. 

Holomorphic discs D with boundary in SL 3-folds L are typically stable 
objects which persist under small deformations of L. Also, the area of D is 
always positive. Suppose we deform L in M so that the area [uj] ■ [D] of D 
shrinks to zero. Then D shrinks down to a point, so that the boundary dD in 
L, a circle, is collapsed to a point. So L develops a singularity, a T 2 -cone, by 
collapsing an S 1 in L to a point. 

We can think of the singularities of the fibrations F, F' as occurring when 
the areas 27r|a| of the holomorphic discs in Lemma 15.61 with boundary in the 
fibres of F, F' shrink to zero, at a = 0. This should also be something which 
happens in SL fibrations of almost Calabi-Yau 3-folds, when holomorphic discs 
with boundaries in the fibres shrink to a point. 

6 A model for codimension 2 singular behaviour 

Theorems 15.11 and 15.31 modelled the singular behaviour the author expects to 
occur in codimension one in generic SL fibrations. We shall now construct a 
model for the next most generic kind of singular behaviour, which occurs in 
codimension two in generic SL fibrations. 

Unfortunately we cannot write the fibration down explicitly, so we will con- 
struct it using the analytic results of ^ and describe its properties. We begin 
by defining a family of solutions (u a _ a ,v a , a ) of (|10p ■ 
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Definition 6.1 Let D be the unit disc {(x,y) £ M 2 : x 2 + y 2 ^ l} in R 2 , 
with boundary S 1 , the unit circle. Define a coordinate 9 : W./2irZ — > S 1 by 
9 i — ► (cos 0, sin 0). Then cos(j0), sin(j0) £ C 00 ^ 1 ) for j ^ 1. 

For all a, a 6 M let / ajQ be the unique solution of l|17fl in D (with weak 
derivatives) given by Theorem l4.7l with this value of a and boundary condition 

fa.als 1 = 4>a = CKCOS0 - 008(36*). (30) 

Then / a , Q £ C°°(^) if a + and /„,„ £ C^D). Define < Q = ^/ a , Q and 

v a , a = jfcfa.a- Then (u ) is a solution of JTDJl in C°°(D) if a ^ 0, and a 

singular solution of @ in C°(D) if a — 0, in the sense of Definition 14. 31 

Theorem 6.2 These solutions {ua,a,v a . a ) have the following properties: 

(i) u a , a (x,~y) = ~u a , a {x,y) and v a , a {x,-y) = v a , a (x,y). 

(ii) u a<a (-x,y) = -U a , a {x,y) and v a ,a(-x,y) = v a , a (x,y). 

(iii) u- a ^ a {x,y) = u a ^ a (x,y) and v^ a . a (x, y) = v a . a (x, y). 

(iv) There exists C > with \u a ^ a \ ^ C and \v a ^ a — a\ $J C on D for all a, a. 

(v) // a 6 K, (&>c) € -D° and a < a' then v a , a (b,c) < v a>ct i{b,c). 

(vi) For all a, a £ R £/ie function x \— * v a , a (x,0) is strictly increasing for 
x £ [—1,0], and strictly decreasing for x £ [0, 1]. 

(vii) For all a, a £ R £/ie function y t— > u a ,a(0, y) is strictly decreasing for 
y £ [—1,0], and strictly increasing for y £ [0, 1]. 

Proof. As Q has the symmetries o (a;, — y) = —(j) a (—x,y) — 4> a {x,y), unique- 
ness in Theorem E3 gives f a ,a(x,-y) = —fa,a(-x,y) = f a ,a{x,y), and parts 
(i), (ii) follow by taking partial derivatives. Part (iii) holds as (|10l) depends only 
on a 2 rather than a, and <j) a is independent of a. 

An important part of the proof of Theorem 14.71 in ^] was to derive a 
priori estimates for ||u||co and |M|c° m terms of ||<^||c?2. This was done by using 
functions of the form fix + 72/ + S as super- and subsolutions for / at each point 
of dS, and so derive a bound for \df\ on OS. As the maxima of u, v occur on 
dS, this implies bounds for \v\ on S. 

Now in our case this can be done uniformly in a. That is, if fix + jy + S 
— cos(30) on S 1 then (a + f3)x + jy + S ^ <j) a on S 1 for all a, and therefore (a + 
f3)x + "/y + 5 ^ / QjCe on D for all a, a, and a similar statement for supersolutions. 
Following the proof of 9, Th. 3.9], we easily deduce part (iv). 

Suppose a £ R, (6, c) £ D° , a < a' and v a , a {b, c) = v a , a '(b, c). Define 

ui(a;,y) = u a , a (x,y) + u a ,a'{b,c) - u a , a {b,c), v\{x,y) = v a , a {x,y), 
u 2 (x,y) =u a , a '(x,y) and u 2 (af, y) = u 0)C ,/ (z, y). 

Then (uj,Vj) satisfy (|10|l in D, and (ui,i>i) = (^2,^2) a t c) £ D°. 
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Furthermore, (ui,vi), (^2,^2) come from Theorem 14 . 71 with boundary data 

4>\ = a cos 8 — cos(38) + (u aa i (b, c)—u a ^ a (b, cj) sin 9 and 4>2—a' cos 9 — cos(30). 

Thus 0i — 02 is a nontrivial linear combination of cos 9, sin 9, and has exactly 
1 local maximum and 1 local minimum on S . Applying Theorem 14. 101 with 
I = 1 shows that (iti,i>i) — (1*2,^2) has no zeroes in D°. But this contradicts 
(ui,i>i) = (u 2 ,v 2 ) at (6, c). 

So given a E M and (6, c) e £>°, whenever a < a' we have v a ,a(b, c) ^ 
v a ,a'(b,c). Since u aiQI (6, c) depends continuously on a,a,b,c it follows that 
v a ,a(b,c) is either a strictly increasing or a strictly decreasing function of a, 
and which of the two is independent of a, b, c. Then (iv) shows it is increasing, 
proving (v). 

For /3 £ R, we can consider (0,(3) to be a solution of (jlOJI on D, coming 
from Theorem 14. 71 with / = (3x and boundary data <f> — (3 cos 9. Now a cos 9 — 
cos(3#) — (3cos9 has at most 3 local maxima and 3 local minima on S 1 by [111 
Prop. 10.2]. Hence, applying Theorem 14 . 1 01 wit h I — 3 shows that (u a , a ,v a _ a ) — 
(0, (3) has at most two zeroes in D° , for any j3 £ R. 

We shall use this to show that 

(a) Suppose |x|, \x'\ < 1 and v a .a(x,0) — v a . a (x',0). Then x = ±x' . 

(b) Suppose < \x\, \y\ < 1. Then v a<a (x, 0) 7^ f5 OiO (0, y). 

Part (i) gives tt 0i a(x, 0) = 0. So if x|, |x'| < 1 and w ajQ ,(x,0) = v a ,a(x',0) = (3 
then (u a , Q ,w a:Q ) = (0,(3) at (±x,0) and (±x',0), by part (ii). As there are at 
most two such points we must have x — ±x' , proving (a). 

Similarly, (ii) gives u a . a (0,y) = 0. Thus if < \y\ < 1 and v a , a (x,0) = 
v a ,a(0, y) = (3 then by (i), (ii) we see that (u a ,a, v a , a ) = (0, (3) at the four points 
(±x,0) and (0, ±y), a contradiction. This proves (b). 

Now from (a), (b) and the continuity of v a , a it is not difficult to sec that either 
(vi), (vii) hold, or (vi), (vii) hold, but swapping 'increasing' and 'decreasing' 
throughout. But 

J v a . a (x, 0) dx = 4> a (l, 0) - $ a (-l, 0) = 2a- 2, 

so the average of v a , a on the x-axis is a — 1, and 

< a (0, 1) = ^(0, 1) = -^(0, 1) = a + 3. 

Therefore v a a is greater on the y-axis than on the x-axis, and so (vi) and (vii) 
hold, rather than their opposites. □ 

Next we identify the singularities of (uo, a , vo,a)- 

Proposition 6.3 There exist unique ao < a± in R such that: 
(i) If a £ [ao,ai] then (uo,a, va.a) has no singularities in D. 
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(ii) {uo, ) has a singularity of multiplicity 2 and maximum type at 
(0,0), and no other singularities. 

(iii) If a £ (ao,ai) there exists x £ (0,1) suc/i that ("wo,a 1 ^o.ao) ^ as a s * n ~ 
gularity of multiplicity 1 and increasing type at (—x,0), a singularity of 
multiplicity 1 and decreasing type at (x,0), and no other singularities. 

(iv) (uo,qi , v o,a t ) is singular at (±1,0) on 913, and /ias no other singularities. 

Proof. This follows quickly from Theorem 16.21 using the Intermediate Value 
Theorem, except for the multiplicities of the singular points. To find these we 
apply Theorem l4.1t)l to (uo, a , #o,a)- We have <j)—(j}' — 2a cos 9 — 2 cos(30), with at 
most 3 local maxima and 3 local minima on S 1 by ^2 Prop. 10.2]. So Theorem 
14. 161 shows that there are at most two singularities of (uo, a , vo,a) in D° , counted 
with multiplicity. Multiplicity 1 in (iii) follows at once, and multiplicity 2 in (ii) 
from Proposition 14. 1 5l as (0, 0) is of maximum type. □ 

Next we use the results of H4.5l to construct the special Lagrangian fibration 
we want. We apply Example 14.111 with S = D and <\> = — cos(3#). Equivalcntly, 
we apply Definition 14. 81 and Theorem 14 . 91 with S = D and <&(a, a, (3) — a cos 9 + 
f3sin9 — cos(36>). Writing the definition and theorem out explicitly in our case 
gives: 

Definition 6.4 For each a, a, f3 £ K, define N aj0l ^ in C 3 by 

N a>aj p = {(zi,z 2 ,z 3 ) e C 3 : |zi| 2 - \z 2 \ 2 = 2a, x,y£R, x 2 +y 2 <l, 
ziz 2 = v a , a (x, y) +iy, z 3 = x + iu a ^ a (x, y) + if3}. 

Then N a a a is a noncompact SL 3- fold without boundary in C 3 . 

Theorem 6.5 In the situation above, distinct N a ,a,p are disjoint. Define 

V = {(z u z 2 ,z 3 ) e C 3 : (Rez 3 ) 2 + (Imz 1 z 2 ) 2 < l}. (32) 

Then there exists a continuous, surjective F : V — > R 3 with F~ 1 (a,a, (3) = 
N a ott p for all (a, a, (3) G M 3 . Thus, F is a special Lagrangian fibration of V. 

Proposition ^. 31 gives the discriminant of F. 

Corollary 6.6 In the situation above, the discriminant of F is 

A= {(Q,a,j3) : a £ [a ,ai), /?£«}, (33) 

and the set of singular points is { (0, 0, 23) : z 3 £ C, | Re 23 1 < l} . 
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6.1 Discussion 

We have constructed an SL fibration F in which the discriminant A is a ribbon, 
a portion of a plane in M 3 . As in fJS] A is of real codimension one in the base 
R 3 . However, we are particularly interested in what happens at the boundary 
{(0, cto, (3) : (3 G M} of A, which is of real codimension two in M. 3 . 

In the interior of A, each singular fibre iVo,a,/3 with a G (ao,Oi) has two 
singular points, both of multiplicity 1 and one each of increasing and decreasing 
type. Locally these singularities are modelled on SL T 2 -cones like C in (|29|) . 
As a — > «0i these two singular points come together, until at a = ao they fuse 
to form a different kind of singularity, of multiplicity 2. For a < ao there are 
no singularities. Thus the picture is that as a decreases through ao, the two 
singular points in No. a ,/3 come together and cancel out. As a increases through 
a,\ the singular points cross the boundary of V . 

Now consider the set of singular points {(0,0, 23) : 23 G C, |Rez3| < l}. 
When Re 23 G (—1,0), we see from part (hi) of Proposition 16.31 that the fibre 
of F passing through (0, 0, 23) has a singularity of multiplicity 1 and increasing 
type, like those of F in Theorem l5.ll When Re 23 G (0, 1), the fibre of F through 
(0, 0, 23) has a singularity of multiplicity 1 and decreasing type, like those of F' 
in Theorem l5.3l 

So the situation is that near {(0,0,23) : z 3 £ C, Re2 3 G (—1,0)}, the 
fibration F is locally modelled on F in Theorem l5.ll and near {(0, 0, 23) : 23 G C, 
Re 23 G (0,1)}, the fibration F is locally modelled on F' in Theorem 15.31 On 
the line {(0,0, 23) : 23 G C, Re 23 = 0}, we have multiplicity 2 singularities, 
which mark the transition between the F and F' local models. 

I claim that F is a local model for generic SL fibrations. 

Conjecture 6.7 The SL fibration F of Theorem \6.5\ is a generic local model 
for one kind of codimension two singularities of SL fibrations f : M — ► B of 
almost Calabi-Yau 3-folds, using 'generic' in the sense of DeRnition \S.o\ 

Again, I am not defining what I mean by a 'local model' here, but basically 
the fibrations should have the same topological structure and the same kinds of 
singularities. From above, for a G (00,01) the singular fibres No, a ,p have two 
singular points modelled on the SL T 2 -cone C in l|29() . Thus it is an SL 3-fold 
with conical singularities, as in Definition 12.91 

Therefore, as in tj5.ll we can use the material of M2.3l to give a partial proof 
of the genericity of F around the fibres iVo jaj( 8 for a G (00,01). However, the 
singularities of No t a ,p are not conical in the sense of Definition 12.91 so this 
approach will not help around a = a . 

We shall discuss one feature of these fibrations, and why it is generic, in more 
detail. For a G (00,01) the fibre iVo. QiJ g has two singular points. A priori this 
seems unlikely: distinct singular points ought to occur independently, and so 
for a fibre to have two codimension one singular points should be a codimension 
two phenomenon, not codimension one as in F. However, this is not the case. 
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We can explain this in terms of holomorphic discs, as in i J5.ll Let us identify 
the holomorphic discs in C 3 with boundary in N a>0i ^. 

Lemma 6.8 Let a > 0, a, j3 £ M and x £ (0, 1) with v a , a (x, 0) = 0. Then 

(a) D± — {(zi, 0, ztx + iu a:a (x, 0) + iff) : z\ £ C, zi| 2 ^ 2a} are fwo holo- 
morphic discs with boundary in N a ,a,/3 °- n d area 2ira, and 

(b) D'± — {(0,Z2,±a; + iu a ^ a (x,Q) + i[3) : z-i £ C, \z-^ ^ 2a} are two holo- 
morphic discs with boundary in N- a ,a,p and area 2ira. 

The proof is trivial. Suppose now that a > is small, a £ (ao,ai) and 
(3 £ R. Then by Theorem 16.21 and Proposition 16 . 31 there exists x £ (0, 1) with 
v a , a (x,0) — 0, and Lemma |6.8I gives holomorphic discs D± with boundary in 
N a ,a,f)i and area 27ra. These discs are homologous in H2(C , iV aja)| a; M). As a 
decreases to zero D± collapse to points, and iV QjQ develops two singular points. 

Recall from H5.ll that if D is a holomorphic disc in an almost Calabi-Yau 
3-fold (M, J, a;, il) with boundary in an SL 3-fold L in M, then the area of D is 
[u] ■ [D], where [D] £ Hi(M, L; Z) is the relative homology class of D. Therefore, 
if holomorphic discs D±, . . . , Dk with boundary in L have the same homology 
class in H%(M, L; Z) then they have the same area. If we deform L so that this 
area becomes zero, then D\, . . . , Dk will simultaneously collapse to points, and 
L will develop k singular points. For some rigorous results on this when h = 2, 
see [13 §10.3]. 

This shows that distinct singular points of SL 3-folds may not be indepen- 
dent. Instead, if a singular point results from the collapse of a holomorphic 
disc, then singular points from the collapse of homologous holomorphic discs 
will always occur together. This is why it is permissible for the fibres of F to 
have two singular points in codimension one, and for this to be generic. 

We can also use this to explain why the discriminant A can have a boundary. 
For a £ (ao, ct\) and a small, there are two holomorphic discs D± with boundary 
in N a ^ a _fj. These discs have opposite sign, so that the number of holomorphic 
discs counted with signs is zero. As a decreases with a fixed, it reaches a value 
a' ks ao with v a , a ' (0, 0) = 0, and then D± come together and cancel out. For 
a < a' there are no holomorphic discs with boundary in N a ^ a ^. 

Thus, if we pass through the hypersurface a = when a £ (ao,a\), two 
holomorphic discs collapse to two singularities. But if we decrease a past ao, 
the two holomorphic discs cancel, and then we can pass through a = without 
a singularity, as there are no holomorphic discs to collapse. 

7 How smooth SL fibrations become non-smooth 

Next we shall extend the results of 21 from strictly convex domains in R 2 to 
solutions on a strip in R 2 which are periodic under a group of translations. We 
shall use this to model what happens near an S 1 singularity of a singular fibre 
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of a smooth SL fibration, and so describe how smooth SL fibrations become 
non-smooth under small deformations. 

7.1 A class of periodic U(l)-invariant SL 3-folds 

Here is the situation we shall work with. 

Definition 7.1 Let R,P > 0, and define S = { (x, y) G M 2 : |y| ^ R). We 
shall study functions u,v : 5 — > R which satisfy J^J or (JTDJ , and the periodicity 
condition 

u(x + P, y) = u(x, y) and v(x + P,y) = v(x,y) for all (x, y) G S. (34) 



The main point is that although S is noncompact, equation l|34|l implies that 
u, v are invariant under the Z-action 

(x, y) i — * (.x + nP, y) for ri G Z, (35) 

so we can treat u,v as functions on the annulus SjTL. Since S/Z is compact, 
analytic methods which rely on compactness will still apply, such as existence 
results for the Dirichlet problem. 

Here are two lemmas on the consequences of the periodicity conditions (|34|) . 
The second is an analogue of Proposition 14.21 

Lemma 7.2 Let R,P and S be as above, a^O, and u, v G C 1 (S') satisfy l|10|l 
and l|34|) . Then there is a unique 7 G M with 

[ v(x, y) dx = 7P for all y G [-i?, fl] . (36) 
Jo 



Proof. Since u, v are continuously differentiable and satisfy l|l(J|l . we have 
d /" p f p dv f p du 

— v(x,y)dx= —(x,y)dx= — (x,y)dx = u(P,y) - u(0,y) = 0, 
ay Jo Jo Jo ox 

using H34|) . Hence J Q P v(x, y) dx is independent of y, and l|36|l holds for some 
unique 7. □ 



Lemma 7.3 Let R, P and S be as above, and v G C' 2 (S) satisfy for a ^ 0. 
v(x + P,y) = v{x,y) for all (x,y) G S, and J v(x,R)dx — L v(x, — R) dx. 
Then there exists a unique u G C 2 (S) with u(0,0) = such that u,v satisfy 
l|in(l and u{x + P,y) = u(x, y) /or (x, y) G 5. 
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Proof. The proof of Proposition 14 . 21 shows that there exists u G C 2 (S), unique 
up toiiHu + c, such that u, v satisfy H10|) . Requiring u(0, 0) = fixes c. As v 
is periodic under (|35fl we see from (|1(J|) that du is periodic, and hence u satisfies 
u(x + P,y) = u(x, y) + 5 for some if el. We must show (5 = 0. As |^ = ||, 
this follows from 



In IIHl our main tool for constructing SL fibrations was Theorem 14.71 the 
Dirichlet problem for solutions / of l|17|l. We could take the same approach in 
this situation, but it turns out to be more elegant to solve the Dirichlet problem 
for solutions v of ((TT|l instead. 

Now Th. 8.8] proves existence and uniqueness for the Dirichlet problem 
for v in Hll|) on domains in E 2 when a / 0. The proof does not assume the 
domain is convex, or use the fact that domains are contractible. In fact the 
proof applies to the compact annulus S/Z without change. This gives: 

Theorem 7.4 Let R,P and S be as above, a ^ 0, k > 0, and a G (0,1). 

Suppose ± G C k+2 ' a (WL) with ^(x + P) = (jr^ix). Then there exists a unique 
v G C k+2 ' a (S) satisfying {TTJ, v(x + P,y) = v(x, y) and v(x, ±R) = ^(x). 

Before we extend this to the case a = 0, we prove some a priori estimates 
for solutions u, v in terms of the boundary data <fi for v. 



Theorem 7.5 Let R,P and S be as above, a ^ and u, v G C 2 (S) satisfy 
l(TU|) . 1 (53) 1 . and «(0,0) = 0. Define ± G C 2 (R) by v{x,±R) = ^(x). Then 



|H| c .o=max(||0 + || c o, \\cf) \\ c o) and || || || CQ =max(|| ^-|| a0 . || l|~||c°)' ( 37 ) 



Suppose further that A, B > with \a\ ^ A, and ||(/) ± ||c'2 B. Then there exist 
C,D > depending only on R, P, A, B such that \\u\\c° ^ O, \\du\gs\\c° ^ D 
and ||ch;|es||c° ^ D. 

Proof. Regard v and as functions on the compact annulus SfZ, as they are 
invariant under the Z- action (|35J) . Now using the maximum principle for elliptic 
equations of a certain form, j^l Cor. 4.4] shows that the maximum and minimum 
of v on a domain T occur on dT, and Prop. 8.12] that the maximum of 1 | 
occurs on dT. These proofs are also valid on the compact annulus S/Z. But 
v(x,±R) = ^(x) and §§(a;,±iZ) = J^O) on d(S/Z). Maximizing and 
minimizing then gives (|37l) . 

Next we estimate \du\, \dv\ on dS, following 10, Prop. 8.6]. Observe that if 
(x, y) G S with \y\ > \R then 




□ 



\R 2 ^ v(x, y) 2 +y 2 + a 2 B 2 + R 2 + A 2 , 
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since |v| < max(||<?!> + || o, < B by and W^Wc* < It follows 

that we can treat as a quasilincar elliptic equation on v, which is uniformly 
elliptic on |y| ^ ii?, with constants of ellipticity depending only on A, B and R. 

Now Gilbarg and Trudinger Th. 14.1, p. 337] show that if v G C 2 (T) 
satisfies a quasilinear equation Qv — of the form J7J) on a domain T and 
v \dT — 4> G C 2 (dT), then ||9u|ar||c° ^ ^ f° r some X > depending only on T, 
upper bounds for |[v||co and ||0|| C 2, and certain constants to do with Q, which 
ensure that Q is uniformly elliptic and b not too large. 

As this is a local result, it is enough for the conditions to hold within distance 
\R of dT. So there exists K > depending only on A, B and R such that 
H^Md-sllc ^ K. But dv determines du by (fTUf) . and we easily deduce a bound 
for 1 1 du | qs \\c°- Thus there exists D > depending only on A, B and R such 
that ||dtt|sjsr||co < D and ||9u|as||co < D. 

Finally we estimate ||u||c°- Since u(x,R) is periodic in x with period P 
and ii) | ^ D, we see that the variation of x i— » u(x,R) is at most \PD. 

Similarly, the variation of x i— > — i?) is at most \PD. Therefore u varies 
only a bounded amount from its average value on y = R, and the same on 
y = —R. We need to bound the difference between these average values. To do 
this we use the method of [E3 §8.4] to bound Hf^Hn on S/Z. 

Define J(a,v) = - £ ' (w 2 + a 2 )- 1 / 4 dw. Then [U3 Prop. 8.9] shows that 



O' 2 



W 2 



dv\ 2 



y 



dv 
dy 



dy dx = 



f p du 
/ J(a, v(x, R)) — (x, R) dx 
Jo dx 



J(a, v(x, 



(38) 



-R) dx. 



The proof is that j s „ d(j(a, v)duj = j g , s , Z j J(a,v)du by Stokes' Theorem, 
and using l|10(l to rewrite the l.h.s. gives l|38|l . Therefore 



du 

-r dy 



dy dx 



{v 2 + y 2 + a 2 )- 1 / 4 dydx 



(v 2 +y 2 + a 2 ) 



-R 



\dyJ 



-R 
2 



r 



dy dx 



(39) 



f p du 
| / j(a,v(x,R))—(x,R)da 
Jo dx 



j(a, u(a 



' dx 



-R)dx, 



where the second line follows from Holder's inequality, and the third from l|38|l 
and the inequality (v 2 + y 2 + a 2 ) V* 1 1| | 2 < \ (v 2 + a 2 ) "V* {y 2 + y 2 + a 2 )' 1 / 2 | §|| 2 , 
which follows from (|1U|) . 

Using |a| < A, \v\ < -B and the methods of 10, Prop. 8.10] we may derive 
a priori estimates depending only on A, B, R and P for the third line of l|39|l 
and the second integral on the first line. This gives an upper bound, E say, for 

Iq p i r r\^ \ d y dx - But 



(u(x, R) — u(x, —R)) dx 



p r R 



du 

-r dy 



dy dx 



P r R 



du 
-r dy 



dy dx ^ E. 
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Therefore the difference in the average values of u on y — ±i? is at most E/P. 
But the variation of u on y = R and on y = —R is at most \PD, from above. 
It follows that the variation of u on both lines y = ±i? together is at most 
C = E/P + PD, which depends only on A, B, R and P. 

Now u satisfies a maximum principle by Cor. 4.4], and so the maximum 
and minimum of u on the compact annulus S/Z occur on d{S/Z). Hence the 
difference between the maximum and minimum of u is the variation of u on both 
lines y = ±R together, and is at most C. But u(0,0) = 0, so the maximum is 
nonnegative, and the minimum nonpositive. Therefore the maximum is at most 
C and the minimum at least — C, and ||u||(7 ^ C, completing the proof. □ 

Our next result extends [TUl Th. 8.17 & 8.18]. 

Theorem 7.6 Let R,P and S be as above, a G M, k ^ 0, and a G (0,1). 

Suppose <p + ,^ G C k+2 - a (R) with 0±(x + P) = 4^{x) and f[<p+(x)dx = 

J Q P 4>~{x) dx. Then if a there exist unique u,v £ C k+2 ' a (S) satisfying 
<|10[) . (I34f) . u(0, 0) = and v(x,±R) = ± (x). If a = there exist unique 
u,v G C°(S) which are a singular solution of © in the sense of Definition \4-3\ 
and satisfy (|34|) . u(0,0) = and v(x,±R) = ± (x). Furthermore u,v depend 
continuously in C°(S) on cj) + ,(f>~ in C k+2 ' a (M.) and a in R. 

Proof. When a / 0, existence and uniqueness of v comes from Theorem 17.41 
and of u from Lemma 17.31 To extend this to the case a = by taking the limit 
a — > 0+ we follow ^| §8] , using the a priori estimates of Theorem 17.51 There 
are few significant changes, and the problems caused by singular points on the 
boundary in are absent in this CclSG, clS there are no points (x, 0) on dS. 
The final part is proved as in [THl Th. 8.18]. □ 

Applying |5J Prop. 8.7] and [111 Th. 6.16] on the annulus S/Z proves: 

Theorem 7.7 Let R, P and S be as above, a G M, k ^ and a G (0,1), 
and suppose <j>f G C k+2 ' a (R) for i = 1,2 satisfy <pf(x + P) = 4>f(x) and 
4>\{ x ) < (frfix) f or all x S K, and J Q P (pf(x)dx = (f)~ (x) dx . Let be 
the (singular) solution of <|10[) produced in Theorem \ 7. b] from <pf for i = 1,2. 
Then v% < v% on S. 

7.2 Applications to SL fibrations 

We can now prove analogues of Definition 14.81 and Theorem 14.91 

Definition 7.8 Let R, P and S be as above and a G (0, 1). Suppose <^~ b , 4>~ h G 
C 3,a (M.) are given for all a, b G M and satisfy 

(i) </>^ b depend continuously in C 3 ' Q (R) on a, b G M, 

(ii) ^; 6 (a: + P) = 0± 6 (.t) for all a, b, x G M, 
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( m ) Jo <t>tb( x ) dx = lo K,bi x ) dx for a11 a ' b e R ' 

(iv) If b < b' then (j)^ b {x) < <j% b ,{x) for all a, x £ R. 

(v) For all a,i(!l we have </>^~ h (x), 0~ h (x) — ► ±00 as 6 — > ±00. 

For all a,d £ 1, let (u 0| &, u ,&) be the (singular) solution of ljTU|) produced in 
Theorem 17.61 from (f)^ b . Let Z act on C 3 by 

(zi,z 2 ,z 3 )^(z 1 ,z 2 ,z 3 + nP) forneZ, (40) 
corresponding to (|35|) . For all a, 6, c £ K define N a ^, c in C 3 /Z by 

A^b.c = {(zi,z 2 ,2 3 )GC 3 :|zi| 2 -|z 2 | 2 = 2a, z £ R, y£ (— i2, ij), 

(41) 

^2 = v a ,b(x, y) + iy, z 3 = x + iu a . b (x, y) + ic}/ Z . 

Then N a ^ b}C is a noncompact SL 3-fold without boundary in C 3 /Z, which is 
nonsingular if a ^ 0, by Proposition 14.11 

Theorem 7.9 In i/ie situation above, distinct N at b >c are disjoint. Define 

V = {{z l7 z 2 ,z 3 ) EC 3 : \ lmz lZ2 \ <R}/Z. (42) 

Then there exists a continuous, surjective F : V — > R 3 tuii/i F~ 1 (a, b, c) = N a . b , c 
for all (a, 6, c) £ K 3 . Thus, F is a special Lagrangian fibration of V. 

Proof. Clearly we have N aj b, c C V for each (a, b, c) £ R 3 , where N at b, c and V 
are as in (|41|) and (|42(l . Let {z\, z 2 , z 3 )Z £ V". We shall show that there exists a 
unique (a, 6, c) e R 3 such that (z±, z 2 , z 3 )1 £ N a< b, c - Let x = Re 2:3, y = \vnz\z 2 
and 2a = zi| 2 — 1 2:2 1 2 - Consider the function 6 t— > v a , b (x,y). By part (i) of 
Definition 17. 81 and the last part of Theorem 17 . 61 this is a continuous function. 

If b < b' then part (iv) of Definition 17.81 gives 4>^ b < (j>^ b ,, and so Theorem 
17.71 gives v a ,b < Va,b' on S. Thus b 1— > v a .b(x,y) is strictly increasing. And as the 
maximum and minimum of u a ,& on S/Z is achieved on d(S/1) and so is a value 
of part (v) of Definition 17.81 implies that v a ,bi. x i V) ~* i 00 as 6 — > ±00. 

Hence by the Intermediate Value Theorem there exists a unique b £ R such 
that v a ,b(x,y) — Reziz 2 , and then c is given by c = Imz3 — u a ^ b (x,y). It 
is easy to see from (|41ll that (zi, z 2 , z 3 )Z £ N a fi,a an d that this is the only 
(a, 6, c) £ R 3 for which this holds. Therefore distinct N a _ b:C are disjoint, and 
V = \J, a b c ) eR 3 N atbyC . The remainder of the proof follows Theorem l4.9l □ 

Here is a simple, explicit example. 

Example 7.10 In the situation above, define 4>tb( x ) = CiW = ^ f° r a ^ 
a,b,x £ R. Then parts (i)-(v) of Definition 17.81 hold. It is easy to verify that 
v a ,b(x,y) = b and u a ^ b (x,y) = 0. Hence 

N a ,b,c = {{z\,z 2 ,z 3 ) e C 3 : |zi| 2 - \z 2 \ 2 = 2a, Rcziz 2 =6, Imz 3 =c, 

Imziz 2 £ (-R,R)}/Z. 
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It readily follows that the special Lagrangian fibration F : V — > C 3 of Theorem 
17. 91 is given by 

F(( Zl ,z 2 ,z 3 )Z) = (i|z 1 | 2 -i|z 2 | 2 ,Rez 1 z 2 ,Imz 3 ). (43) 

Note that F is a smooth SL fibration. 

It is easy to show that N a , byC is singular if and only if a = b = 0, so that the 
discriminant of F is A = {(0,0, c) : c £ R}. This is of codimension two in R 3 , 
as in Proposition 13.51 The singular set of N 0:0 , c is {(0,0, a; + ic) : x £ R}/Z, 
which is a circle S 1 in C 3 /Z. 

7.3 A 1-parameter family of SL fibrations 

We now construct a 1-parameter family of SL fibrations F* for t £ [0, 1]. 

Example 7.11 Fix P = 2ir, let t £ [0,1], and define 4>tb( x ) = ^ab( x ) ~ 
6 + icosx for all a,b,x £ R. Then parts (i)-(v) of Definition 17.81 hold. Let 
F l be the SL fibration constructed in Theorem 17.91 using this data. This gives 
a 1-parameter family of SL fibrations F 1 : V — > C 3 for t £ [0,1], where -F 
coincides with the smooth SL fibration of (|43|) . Use the notation u t ab ,v t ab and 
N* bc in the obvious way. By the last part of Theorem 17.61 the N* b c depend 
continuously on t, and thus the F* depend continuously on t. 

From above, the singular fibres of F° are Nff c , and each is singular along 
a circle S 1 . However, for t > things are different. By Theorem 14. 131 a neces- 
sary condition for b c to have non-isolated singularities is that i>q b (x, —y) = 
—VQ b (x,y). But putting y — R then gives 4>ob( x ) — ~ ( t'ob( x )> which is false. 
Thus when t > 0, each Nq b c has isolated singularities, and only finitely many 
of them by compactness. 

This will be our local model of how to deform a smooth SL fibration to a 
non-smooth SL fibration. Here are some facts we will need. 

Proposition 7.12 In Example \7.11\ for all t £ (0, 1] and a, b £ R we have 

(a) x i — ► b (x, y) has period 2ir and is strictly decreasing on [0, n] and strictly 
increasing on [tv,2w], for all y £ [—R,R]. 

( b ) ut ab( x 'V) > on (O' 71 ") x ( '-ft] and ( 7r ' 27r ) x [— -R)0)j an d ut ab( x -y) < 
on (0,7r) x [-R,0) and (tt, 2tt) x(0,R]. 

Proof. By symmetries of the <f> a t b the v t ab satisfy v * b (— x, y) = u* b (x,y) and 
w a,fc( 27r ~ X,y) = «*, 6 (ar s »). Hence ^<, b (0,y) = |^w*, b (7r,y) = for a ^ 0. 
Also J^* ift (x,±i?) = -tsinx. Thus ^u* fc (x,±i?) < for x £ (0,tt) and f > 0. 

Now by §8.4], b satisfies a kind of maximum principle. Applying this 
on the rectangle [0, n] x [-R, R] and using the fact that 6 is zero on two 
sides of the rectangle and negative on the other two, we find that -jjv* b < on 
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(0, 7r) x [-R, R] when t > and a ^ 0. Similarly, 6 > on (tt, 2tt) x [-i?, i?] 
when £ > and a ^ 0. This implies part (a) when a ^ 0. 

Also, by JUIJl we see that ^u* . h > on (0, tt) x [-R, R] and J|n* b < 
on (7r, 27r) x [— i?, i?]. By symmetries of the </>^ b the u\ L b satisfy u l a b (x, —y) = 
— v} a b (x, y), and so u\ b (x, 0) = 0. Part (b) for b^0 then follows by integration 
on the line segment {x} x [0,y]. 

Taking the limit a — > in (a) shows that x <—> v% b (x,y) is decreasing on 
[0,7r] and increasing on [7r,27r]. If it were not strictly decreasing or increasing 
then it would be constant on some subinterval [a, 0] of [0, 2tt) with a < [3. Then 
(Uq b , Vq b ) is constant on [a, (3\ x {0}, and |1 II Th. 7.8] implies that it is constant 
on S, a contradiction. This completes part (a). 

Similarly, taking the limit a — > in (b) shows that u l b (x, y) ^ on (0, n) x 
(0,R] and (tt, 2vr) x [-R,0) and it^ 6 (x,y) < on (0, tt) x [-R,0) and (tt, 2tt) x 
(0, i2]. But if Uq b (x, y) — at any interior point of these regions, then we can 
derive a contradiction using the strong maximum principle [2j Th. 3.5]. This 
completes part (b). □ 

We can now prove an analogue of Proposition 16.31 for Example 17. Ill 

Proposition 7.13 In Example \7.11\ there are continuous a, /3 : [0, 1]->1 with 

F*((0,0,0)Z) = (0,a(t),0) and F*((0,0,tt)Z) = (0, /?(*), 0), (44) 
and a(0) = /3(0) = 0. -For all t £ (0, 1] these have the properties that 

(i) If b [a(£), /3(£)] £/ien (wQ b ,t>Q b ) /ias no singularities in S. 

(ii) ( u o ^ as singularities of multiplicity 2 and maximum type at 
(2n,7r, 0) /or «eZ, and no other singularities. 

(iii) ( M o /3(t)' w o /3(t)) ^ as singularities of multiplicity 2 and minimum type at 
(tt + 2n,7r, 0) for and no other singularities. 

(iv) If b E (a(i), f3(t)) there exists x 6 (0, 7r) such that (uQ b ,VQ b ) has sin- 
gularities of multiplicity 1 and increasing type at (2mt — x, 0) for iieZ, 
singularities of multiplicity 1 and decreasing type at (2n7r+x,0) /or n G Z, 
and no other singularities. 

Proof. Let £ € [0, 1]. As in the proof of Theorem 17. 91 the function b i— » «q b (0, 0) 
is continuous, strictly increasing, and tends to ±oo as b — > ±oo. Thus by 
the Intermediate Value Theorem there exists a unique value a(£) such that 
v o a(t) 0) = 0. Since u^ < t » (0, 0) = by definition, this means that (0, 0, 0)Z G 
N o, a (t),o h y 62l' and so ^((0,0,0)2) = (0,a(£),0) by definition of F*. 

Hence a : [0, 1] — > R exists, and is continuous as F* depends continuously on 
£. Similarly, considering the function b b (7r, 0) we find a unique value /?(£) 
such that Uq (71", 0) = 0, and (3 : [0, 1] — > R exists and is continuous. Also F° 
is given in (jtHjl, so a(0) = /3(0) = follows from (|4*4*|) . 
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Let t £ (0,1], and consider the function x i— > «q 6 (x,0). By part (a) of 
Proposition 17.121 this has period 27r with a maximum at and a minimum at 
7r. But 6 i— > Up (,(0,0) is strictly increasing and zero when & = a{t). Hence the 
maximum of x i— » Uq b (^,0) is negative when & < a(i), zero when = a(t) and 
positive when b > a(t). In particular, if b < a(t) then b (x, 0) < for all x, so 
that (ug & ) has no singularities. This proves half of part (i). 

By similar arguments using part (a) of Proposition l7.12l and the Intermediate 
Value Theorem, we easily find that the singularities of (ufj b , Vq b ), which are the 
zeroes of x i— > VQ b (x,0), are as given in parts (i)-(iv), and the type of each 
singularity also follows from part (a) of Proposition 17.121 Finally, to identify 
the multiplicity of each singularity (x, 0) we can use part (b) of Proposition l7.12l 
as knowing the sign of u l b constrains the winding number of (u^ b , Vq b ) about 
along 7e(a;,0) in Definition l4~T2l □ 

This gives the discriminant of F . 

Corollary 7.14 In Example \7 . 1 1\ the discriminant of F l is 

A* = {(0,6, c) : b £ [a(t), /?(*)], ceM}cR 3 , (45) 

and the set of singular points is {(0,0,23) : Z3 € C}/Z. For t £ (0,1], if 
b — a(t) or b — (3{f) then iVo,&,c has one singular point, and if a(t) < b < (3{t) 
then Nq^q has two singular points. 

Note that the set of singular points of F l in C 3 is independent of t. 
7.4 Discussion 

Example 17.111 constructs a continuous 1-parameter family of SL fibrations F f : 
V —y M 3 for t £ [0, 1], where F° is the smooth SL fibration given explicitly in 
H43JI . but F* is not smooth for t £ (0, 1]. Thus, this provides a local model for 
how to continuously deform a smooth SL fibration to a non-smooth SL fibration. 

We have now seen several examples of non-smooth SL fibrations, and a 
local mechanism for deforming smooth SL fibrations to non-smooth ones. This 
justifies the following: 

Conjecture 7.15 Generic SL fibrations f : M —> B of almost Calabi-Yau 
3- folds including fibres with singularities are never smooth, but only piecewise 
smooth. Here we use 'generic' in the sense of Definition ^. (A 

Suppose we have an almost Calabi-Yau 3-fold M with a smooth SL fibration 
/ : M —> B. What happens to the fibration if we deform M to a nearby generic 
almost Calabi-Yau 3-fold Ml I believe that the SL fibration will still exist, at 
least on most of M, but that it will be only piecewise smooth. 

For a smooth SL fibration the discriminant A is of codimcnsion two, and 
is expected to be a graph. In Example 17.111 when t = and F° is smooth, 
the discriminant A is a line in R 3 , of codimension two, but as t increases A* 
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thickens out continuously into a ribbon in K 3 , of codimension one. In the same 
way, in a small generic deformation M of M, I conjecture that the edges of the 
graph A in B thicken out into 2-dimensional ribbons in A C B. We will discuss 
what happens near the vertices of A in 

We can also relate the behaviour of F 1 to the local models of 351 an d 3ID 

• When Re z$ G (tt,2tt), the SL fibration F t for t G (0, 1] locally resembles 
the SL fibration F of Theorem 15.11 near (0, 0, Zs)Z, with singularities of 
multiplicity 1 and increasing type. 

• When Re^3 G (0,7r), the SL fibration F f for t G (0,1] locally resembles 
the SL fibration F 1 of Theorem 15.31 near (0, 0, 23)2, with singularities of 
multiplicity 1 and decreasing type. 

• When Rez 3 = 0, the SL fibration F t for t G (0, 1] locally resembles the 
SL fibration F of Theorem 16.51 near (0,0, £3)2, with singularities of mul- 
tiplicity 2 and maximum type. 

• When Re 2:3 = it, the SL fibration F* for t G (0,1] locally resembles 
an analogue of the SL fibration F of Theorem 16.51 near (0, 0, 2:3)2, with 
singularities of multiplicity 2 and minimum type. 

Thus, we have not found any new kinds of local singular behaviour of SL fibra- 
tions in this section, we have just assembled those already discussed in 35] and 
3^1 in a model with more interesting global topology. 

8 Global behaviour of SL fibrations 

We are now ready to state our picture (still conjectural and incomplete) of what 
SL fibrations of generic almost Calabi-Yau 3-folds look like, if indeed they exist. 
Rather than starting from scratch, we begin in H8.ll by reviewing the elegant 
picture of smooth SL fibrations / : M — > B, which has been built up largely by 
Mark Gross and Wei-Dong Ruan. Then in M8.2I we explain how to modify the 
Gross-Ruan picture under a small generic deformation of M. Finally, in i)8.3l 
we draw some conclusions about the SYZ Conjecture. 

8.1 The Gross-Ruan picture of smooth SL fibrations 

Here is a review of the expected properties of smooth SL fibrations of Calabi- 
Yau 3-folds. Our principal sources are Gross 01 §3] and Ruan |211 §7] for the 
topology of the singular fibres, and Gross |51 §1] and Ruan |221 §9] for the 
monodromy matrices. A concise statement may be found in the 'Precise SYZ 
mirror conjecture' of Ruan [221 §9]- 

Let / : M — > S 3 be a smooth SL fibration, with fibres Nb = / _1 (6), and 
generic fibre T 3 . For generic such fibrations, the discriminant A is thought to 
be a trivalent graph, made up of smooth edges, and vertices of two kinds, which 
we shall refer to as positive and negative. The topology and local monodromy 
for each kind of singular fibre are as follows. 
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(a) Edges 

Let 7 be an edge in A, and b € 7. Then iVj, has the topology of T 3 with T 2 
collapsed to an S 1 , and may be written £ x S 1 , where S is a T 2 with an S 1 
collapsed to a point, or equivalently an S 2 with two points identified. These 
fibres are called type (2, 2) by Gross and type I by Ruan. They have Euler 
characteristic zero. 

The monodromy about each edge 7 in A, acting on Hi(T 3 ; Z) = Z 3 , is 



(46) 




with respect to a suitable basis of H\(T 3 \ Z) 



(b) Positive vertices 

Let b be a positive vertex in A. Then TVf, has the topology of T 3 with T 2 
collapsed to a point. It has Eulcr characteristic 1. These fibres are called type 
(1,2) by Gross and type 777 by Ruan. 

The monodromies around the three edges 71, 72, 73 meeting at b are 

1 0\ / 1 0\ / 1 0\ 

110, 10 and -110 (47) 
1/ \-l 1/ \1 1/ 

with respect to a suitable basis of Hi(T 3 ; Z). 

The smooth SL fibration of Example 14.41 is a local model for the fibration / 
near the singular point of a positive singular fibre. 



(c) Negative vertices 

Let 6 be a negative vertex in A. Then Ruan |211 §7] gives two different possible 
topologies for TVjf,, which he calls type II and type II. His type II topology 
agrees with Gross' proposed type (2,1) fibre [2| §3]. 

Both fibres are constructed by taking a fibration it : T 3 — > T 2 with fibre S 1 , 
and collapsing the fibres to points over a graph r in T 2 . In the type II case L 
has three edges and two vertices, and in the type II case it has two edges and 
one vertex. In both cases Nt, has Euler characteristic —1. 

The monodromies around the three edges 71,72,73 meeting at b are 






and 1 , (48) 



with respect to a suitable basis of Hi(T 3 ; Z). 

At present, to the author's knowledge, there is no known local model for a 
smooth special Lagrangian fibration (or even a smooth Lagrangian fibration) in 
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the neighbourhood of a codimension three singular point of a negative singular 
fibre. The author conjectures that no such local model exists. If this is the case 
then smooth SL fibrations may not exist on general Calabi-Yau 3-folds, even 
with a very nongeneric choice of almost Calabi-Yau metric. 

We will refer to the singular fibres over positive and negative vertices as 
positive and negative singular fibres respectively. Our notation of positive and 
negative vertices was suggested by David Morrison, and refers to the sign of the 
Euler characteristic of the singular fibres. Gross' notation refers to the Betti 
numbers (b , b 2 ) of the singular fibres. 

8.2 Modification of this picture for generic ACY 3-folds 

Now we shall something about what special Lagrangian fibrations of generic 
almost Calabi-Yau 3-folds might look like. Suppose we start with a smooth 
Gross-Ruan fibration / : M — ► B, cither of a nongeneric almost Calabi-Yau 
3-fold or of the degenerate large complex structure limit, and make a small 
perturbation to a generic almost Calabi-Yau 3-fold. What happens to the fi- 
bration? 

Near a nonsingular fibre iVf, = f^{b) of /, the fibration should remain 
nonsingular, and the local geometry unchanged. The interesting question is 
what happens to the singular fibres of /. The following is the author's best 
guess, on the assumption that SL fibrations are well-behaved in the generic 
case. We preface it with some remarks on monodromy and coordinates on the 
moduli space. 

Let / : M — > B be an SL fibration. By Theorem l2.6l near a nonsingular fibre 
Nb = T 3 the moduli space of deformations of Nf, is isomorphic to H 1 (iVb;R) = 
R 3 . But this moduli space is J5, and so near any point in B\Af we have natural 
afiine coordinates modelled on iJ 1 (T 3 ;R). 

However, near a singular fibre Nb the situation is more complicated because 
of the monodromy action. Let be a nonsingular fibre near Nf,. Let T}, be 
the set of monodromies of loops in B\Af based at b' and staying in a small 
neighbourhood of b. Then r& is a group acting on Hi(Nf,i;Z) and H 1 (Nj j i; K). 
Roughly speaking, near b we can regard B as a kind of quotient of H 1 ( Ny ; K) 
by Tfc, so that B is a kind of orbifold, with the topology of a 3-manifold, but 
not the smooth structure. 

In what follows, as long as we make use of only r^-invariant objects, we can 
think of B as being locally like R 3 and mostly ignore the monodromy action. 
We shall represent elements of ifi(7Vh/;Z) by column vectors, and elements of 
H (Ni,>;M,) by row vectors, upon which the monodromy matrices of equations 
H46 |) -I|48 p act by left and right multiplication respectively. 

Here is a conjectural picture of how generic SL fibrations work around per- 
turbations of the Gross-Ruan singular fibres described in (a)-(c) of tJ8.ll 
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(a) Edges 

The author conjectures that under small deformations, the 'edges' 7 in the 
Gross-Ruan picture will thicken out into thin 'ribbons' R of the kind described 
in SJ7| They are closed subsets of hyperplanes in B defined locally by [u>] -[D] = 0, 
where [u>] is the relative de Rham cohomology class in H 1 (M, Nb] M) and [D] a 
relative homology class in Hi {M, iV&; Z) depending on the edge, which will be 
represented by an even number of holomorphic discs D for generic b G B, as we 
discussed in H5.1l and ti6.ll 

Choose an identification Hi(Nb;Z) = Z 3 such that the monodromy around 
7 is as in l|4tj[l . Then calculation using the local model of fJ7| shows that [dD] G 
Hi(N b ;Z) should be identified with ±(10 0) T in Z 3 . Also, B is locally identified 
with H l (Nb \ R) = R 3 up to monodromy, and R lies in the monodromy-invariant 
hyperplane {(0, £2, £3) : x j G K}. 

The situation described in in which the generic singular fibre has two 
singular points, is only the simplest possibility. In general we expect the generic 
singular fibre to contain an even number of singular points, divided equally into 
two kinds. In codimension one on the ribbon these singular points can appear 
or disappear in pairs of different kinds, and the edge of the ribbon is where the 
last two singular points disappear. 



(b) Positive vertices 

For positive vertices in the Gross-Ruan picture, the monodromy matrices of 
lfl?|l all fix the vectors 









■ 


v 2 = j 


• 










vi = 1 , v 2 = and v 3 



in Hx(N b r,Z) and the direction (10 0) in iJ^A^jR). 

In a generic perturbation of a Gross-Ruan fibration near a positive vertex, 
the three edges in A/ should thicken out into 'ribbons' Rx,Ri, R3 lying in the 
three hyperplanes 

Hi = {(xi,0,x 3 ) : Xj e R}, H 2 = {(£1,2:2,0) : Xj G R} 
and H 3 = {(xi, x 2 , x 3 ) : x 3 e R, 2:2=^3}, 

which are the hyperplanes dual to Vi,V2,V3, and intersect in {(xi,0, 0) : xi G 
Rl. The ribbons Ri, R 2 , R3 intersect in a bounded subinterval of this line, as 
sketched in Figure H 

There are two obvious ways for this to happen, in which either Ri n R2 PI R3 
is part of the boundary of each Rj , or the ribbons Rj extend a little way beyond 
their intersection Ri C\R 2 C\R 3 . The author thinks that the latter option is what 
actually happens, as in Figure ^ 

For generic points in the intersection i?i n R 2 n R3 the singularities of the 
fibres are just finitely many points modelled locally on the T 2 -cone C of (|29|l . 
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Figure 1 : Discriminant locus near a perturbation of a positive vertex 



These are divided into three kinds, corresponding to the ribbons R±, R2, R3, 
according to the homology class of the S 1 in T 3 that collapses to a point. 

However, at certain special points 60 i n Ri ni?2 Hi?3 there will be a new kind 
of codimension three singularity, when two or three of these singular points of 
different kinds come together. The author does not have a local model for this 
singularity, but topologically it may involve a cone on a genus 2 surface. There 
must be at least one such singular fibre, as it is necessary for the monodromy 
to work out. 

When Ny is a generic nonsingular fibre near the ribbon Rj, there should 
exist an even number of holomorphic discs Dj in M whose boundary dDj in 
Ny has homology class ±Vj in Hi (Ny ; Z) = Z 3 . Singularities develop when the 
area of Dj shrinks to zero, which happens on the hyperplane Hj in B. 

(c) Negative vertices 

For negative vertices, the monodromy matrices of (|48|l all fix the vector (1 0) T 
in Hi(Nb>;Z) and the hyperplane {(O,:^,^) : Xj £ R} in H 1 (Ny;M.). In a 
generic perturbation of a Gross-Ruan fibration near a negative vertex, the three 
edges in A/ should thicken out into 'ribbons' which all lie in the same hyperplane 
H in B, isomorphic to { (0, £2, £3) : %j £ R} in H 1 (Ny;M.). The three ribbons 
merge together to make a letter Y shape in H, as sketched in Figure [21 

When Ny is a generic nonsingular fibre near this part of Ay, there should 
exist an even number of homologous holomorphic discs D in M whose bound- 
aries dD in Ny have homology class ±(10 0) T in H\ (Ny ; Z) = Z 3 . Singularities 
develop when the area of D shrinks to zero, which happens on the hyperplane 
H in B. 

Calculations by the author, along the lines of iQbut more complicated, show 
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Figure 2: Discriminant locus near a perturbation of a negative vertex 

that one can put together a fibration with the topological properties we want 
using only the local models of |J31 and §G\ There is no need to include any other 
kind of singular point. 

The author is fairly confident about parts (a) and (c), but less happy about 
part (b). In fact, Ruan's Lagrangian fibrations by gradient flow look quite 
like parts (a) and (c) in the relevant regions. Another option in part (b) is 
that there could be a new kind of codimension two singularity along the line 
segment Ri n R2 n R3. 

8.3 Conclusions 

If the speculations of i)8.2l are correct, they have important consequences for the 
SYZ Conjecture. Positive and negative singular fibres are expected to be dual 
to one another under the mirror transform. That is, if we have dual smooth SL 
fibrations f : M —> B and / : M — > B as in the SYZ conjecture, then positive 
vertices in the discriminant Af of / in B should coincide with negative vertices 
in the discriminant A/ of /, and vice versa. This follows as the monodromy 
matrices in (I47f) are the transposes of those in l|48|) . 

However, after a small generic perturbation of / and / near such a vertex 
in B, it is clear from Figures ^ and [21 that the discriminant loci Af and Af can 
no longer be identified, because they are not homeomorphic. On this basis we 
make the following conjecture. 

Conjecture 8.1 Let M,M be generic mirror Calabi-Yau 3-folds. Then even 
if there do exist special Lagrangian fibrations f : M — » B and f : M — > B , it is 
not in general possible to homeomorphically identify the bases B and B of the 
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fibrations in a way that identifies the discriminants Af, Af of f,f, and so that 
the nonsingular fibres of f,f are 3-tori with dual homology. 

This contradicts the version of the SYZ Conjecture stated in the introduc- 
tion, and some of the stronger forms of the SYZ Conjecture that people have 
written down so far. If it is true then it will limit the scope of any eventual final 
formulation of the SYZ Conjecture. 

My feeling is that while the SYZ Conjecture is clearly morally true, it is 
probably not literally true of genuine special Lagrangian fibrations of holonomy 
SU(3) Calabi-Yau 3-folds, except in some limiting sense in the large complex 
structure limit. 

Furthermore, I believe that the Gross-Ruan picture of smooth SL fibrations 
is probably asymptotically true of general SL fibrations in the large complex 
structure limit, so that in a family of Calabi-Yau 3-folds with SL fibrations 
approaching the large complex structure limit, the 2-dimensional discriminants 
will collapse down onto 1-dimcnsional trivalent graphs. 

Therefore, a better way to formulate the SYZ Conjecture might be in terms 
of SL fibrations of 1-parameter families of mirror Calabi-Yau 3-folds M t , M t for 
t € (0, e), which both approach the large complex structure limit as t — ► 0. A 
similar conclusion is reached by Gross in 6 , §4] . 
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